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a b s t r a c t

Flexible job-shop scheduling problem (FJSP) is an extension of the classical job-shop scheduling problem.
FJSP is NP-hard and mainly presents two difficulties. The first one is to assign each operation to a machine
out of a set of capable machines, and the second one deals with sequencing the assigned operations on
the machines. This paper proposes a parallel variable neighborhood search (PVNS) algorithm that solves
the FJSP to minimize makespan time. Parallelization in this algorithm is based on the application of mul-
tiple independent searches increasing the exploration in the search space. The proposed PVNS uses var-
ious neighborhood structures which carry the responsibility of making changes in assignment and
sequencing of operations for generating neighboring solutions. The results obtained from the computa-
tional study have shown that the proposed algorithm is a viable and effective approach for the FJSP.

� 2009 Published by Elsevier Ltd.

1. Introduction

Scheduling is the allocation of resources to perform a set of
tasks over a period of time. Many real scheduling problems in
the manufacturing industries are quite complex and very difficult
to be solved by conventional optimization techniques (Watanabe,
Ida, & Gen, 2005). The complexity of these problems has a direct
dependence on constraints and shop environments upon which
these problems are defined. The job-shop scheduling problem
(JSP) is one of the hardest combinatorial optimization problems
in the field of scheduling. JSP consists in performing a set of n jobs
on a set of m machines, where the processing of each job i is com-
posed of ni operations performed on these machines. This prob-
lem aims to find the appropriate sequencing of operations on
the machines to optimize the performance indicator. Herein, a
typical performance indicator for JSP is the makespan, which is
defined as the time needed to complete all the jobs. It is well
known that this problem is NP-hard (Garey, Johnson, & Sethi,
1976).

In order to match nowadays market requirements, manufactur-
ing systems have to become more flexible and efficient. To achieve
these objectives, the systems need not only the automated and
flexible machines, but also the flexible scheduling systems. The
flexible job-shop scheduling problem (FJSP) is a generalization of
the classical JSP, where operations are allowed to be processed
on any among a set of available machines. In fact, the FJSP mainly
presents two difficulties. The first one is to assign each operation to

a machine out of a set of capable machines, and the second one is
to sequence the assigned operations on all machines. The FJSP is a
much more complex version of the JSP, so the FJSP is strongly NP-
hard and combinatorial.

Although the complexity of FJSP is well-known, there are far
more literatures focusing on JSP rather than on FJSP. Brucker
and Schlie (1990) are the pioneers in addressing FJSP. They devel-
oped a polynomial algorithm for solving this problem with two
jobs. Also various heuristic methods such as dispatching rules
and local search and meta-heuristic methods such as tabu search
(TS), simulated annealing (SA), and genetic algorithm (GA) have
been applied for solving FJSP in recent years. These heuristic
and meta-heuristic algorithms can be classified into two main cat-
egories: hierarchical approaches and integrated approaches. In
hierarchical approaches, the assignment of operations to ma-
chines and the sequencing of operations on the machines are trea-
ted separately, whereas in integrated approaches, the assignment
and sequencing problems are not separated. The hierarchical ap-
proaches are based on the idea of decomposing the original prob-
lem in order to reduce its complexity. Despite the fact that the
integrated approaches are much more difficult to solve, they gen-
erally achieve better results.

Brandimarte (1993) applied a hierarchical approach for FJSP
based on decomposition. He solved the routing sub-problem using
some existing dispatching rules and then concentrated on
sequencing sub-problem which is solved by using a TS algorithm.
Hurink, Jurisch, and Thole (1994) based on the integrated ap-
proach and Barnes and Chambers (1996) based on the hierarchical
approach developed TS algorithms to solve FJSP. Dauzére-Pérés
and Paulli (1997) defined a new neighborhood structure for the
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problem where there is no distinction between reassigning and
resequencing an operation, and proposed a TS algorithm based
on the integrated approach. Mastrolilli and Gambardella (2000)
improved Dauzére-Pérés TS techniques and presented two neigh-
borhood functions. Chen, Ihlow, and Lehmann (1999) developed a
GA for FJSP. They split the chromosome representation into two
parts, the first one defined the routing policy, and the second
one delineated the sequence of operations on each machine. Ka-
cem, Hammadi, and Borne (2002a, 2002b) proposed a GA con-
trolled by the assigned model which was generated by the
approach of localization and they used it to solve mono-objective
and multi-objective FJSP. Zhang and Gen (2005) proposed a mul-
tistage operation-based GA to deal with the problem from the
point view of dynamic programming. Xia and Wu (2005) worked
on a hierarchical approach for solving multi-objective FJSP. The
approach made use of particle swarm optimization (PSO) to assign
operations to machines and SA algorithm to schedule operations
on each machine. Fattahi, Saidi Mehrabad, and Jolai (2007) pro-
posed a mathematical model and two meta-heuristics algorithms
(SA and TS) for solving FJSP. Moreover, considering two developed
meta-heuristics and concerning the integrated and hierarchical
approaches, they presented six different algorithms. Pezzella,
Morganti, and Ciaschetti (2008) propounded a GA for FJSP based
on the integrated approach, in which a mix of different strategies
for generating the initial population, selecting individuals for
reproduction, and reproducing new individuals is presented.
Gao, Sun, and Gen (2008) studied the FJSP with three objectives:
min makespan, min maximal machine workload and min total
workload. They developed a hybrid genetic algorithm (hGA) based
on the integrated approach for this problem. Given the literature
of FJSP, the heuristics and meta-heuristics have corroborated their
merits to solve the FJSP. Variable neighborhood search (VNS)
(Amiri et al., 2009; Hansen & Mladenovic, 2001; Mladenovic &
Hansen, 1997) is a modern meta-heuristic based on systematic
changes of the neighborhood structure within a search to solve
combinatorial optimization problems. In this paper, we develop
a parallel variable neighborhood search (PVNS) algorithm for solv-
ing FJSP. Parallelization in the presented optimization method in-
creases the diversification and the exploration in the search space.
In this method, neighborhood structures related to sequencing
and assignment problems are employed to generate a neighboring
solution. Considering the aforementioned neighborhood struc-
tures, the proposed algorithm executes parallel search process in
the solution space.

The rest of the paper is organized as follows. In Section 2, we
present the formulation and constraints of the problem. Section 3
which is subdivided into five subdivisions explains proposed PVNS
algorithm for solving FJSP. In Section 4, the computational study
performed with the proposed algorithm and its results are re-
ported. The conclusion and some further research suggestions are
presented in Section 5.

2. Problem description

The FJSP consists in performing a set of n jobs J ¼ fJ1; J2; . . . ; Jng
on a set of m machines Ma ¼ fM1;M2; . . . ;Mmg. A job Ji is formed by
a sequence of operations ðOi;1;Oi;2; . . . ;Oi;ni

Þ to be performed one
after the other according to the given sequence. Each operation
Oi;j, i.e., the operation j of job i, can be executed on any among a
subset of compatible machines ðMai;j # MaÞ. All jobs and machines
are available at time 0, and a machine can only execute one oper-
ation at a given time. There are no precedence constraints among
the operations of different jobs. Nonetheless, there are precedence
constraints among the operations of the same job. Preemption is
not allowed, i.e., each operation must be completed without
interruption once it starts. Setup time of machines and move time

between operations are negligible. The processing time of opera-
tion Oi;j on machine Mr is Pi;j;r > 0.

The problem is to assign each operation to an appropriate ma-
chine, and to sequence the operations on the machines in order
to minimize the makespan, i.e., the time needed to complete all
the jobs, which is defined as Cmax ¼maxðCiÞ, where Ci is the com-
pletion time of job Ji.

Flexibility of FJSP can be categorized into partial flexibility and
total flexibility. It is partial when there exists a proper subset Mai;j

of Ma, for at least one operation Oi;j, and it is total when we have
Mai;j ¼ Ma for all operations. Data related to a given problem with
partial flexibility is shown in Table 1, in which rows correspond to
operations and columns represent machines. In this Table, symbol
1 means that a machine can not execute the corresponding oper-
ation. In other words, it does not belong to the subset of compati-
ble machines for that operation.

3. A parallel variable neighborhood search for FJSP

As it happens to meta-heuristics, it takes a long time to reach
some useful solutions, while solving some sort of hard combinato-
rial optimization problems. To overcome this trouble, we can make
use of parallelization as one of the most considerable policies. Par-
allel meta-heuristic allows us to run concurrent multiple searches
over the domain of the problem; each of these searches is carried
out in different regions of solution space. The application of the
parallelization to a meta-heuristic algorithm causes the reduction
of the computational time (the partition of the sequential program)
or the increase of the exploration in the search space (the applica-
tion of independent search threads). To search efficiently in the
solution space and attain solutions with high quality in FJSP, we
propose parallel variable neighborhood search (PVNS) algorithm.
Several strategies for parallelizing a VNS algorithm have been pre-
sented in the literature (Crainic, Gendreau, Hansen, & Mladenovic,
2004; Garcia Lopez, Melian Batista, Moreno Perez, & Moreno Vega,
2002). In our algorithm, parallelization is based on the application
of multiple independent searches increasing the exploration in the
search space. Section 3 is subdivided into the following five
subdivisions:

Basic structures of VNS algorithm are discussed in Section 3.1;
Section 3.2 provides solution representation method; we describe,
in Section 3.3, how the initial solution is generated; neighborhood
structures employed in the presented algorithm are explained in
detail in Section 3.4. In Section 3.5, a comprehensive description
of the proposed PVNS algorithm is given.

3.1. Variable neighborhood search

The basic steps of VNS meta-heuristic are shown in Fig. 1. Dur-
ing the initialization step, a set of neighborhood structures and the
sequence of their implementations are determined. In this step,

Table 1
Processing time table.

Operations Machines

M1 M2 M3 M4

O1,1 4 7 6 5
Ol,2 2 6 1 5
O2,1 4 5 7 1
O2,2 5 1 6 3
O2,3 1 5 4 7
O3,1 5 3 1 6
O3,2 1 1 4 1
O4,1 2 4 1 5
O4,2 1 4 2 1
O4,3 5 4 6 3
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