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a b s t r a c t

In this note, we correct some typos that appeared in Yassine et al. {Yassine, A., Maddah, B., Salameh M.,
Disaggregation and consolidation of imperfect quality shipments in an extended EPQ model, Interna-
tional Journal of Production Economics 135 (2012) 345–352}, specifically, for one of their models that
considered consolidating shipments of imperfect quality items across multiple production cycles. In
addition, we present a heuristic approach to find a good solution for this model. The performance of
heuristic solution is illustrated with numerical examples.

& 2013 Elsevier B.V. All rights reserved.

1. Introduction

In order to capture the real situation, numerous studies have
modified the traditional economic order/production quantity
(EOQ/EPQ) models to include imperfect quality items, and pro-
posed different ways to handle them. For a detailed review and
discussion of the related literature, we refer the readers to Khan
et al. (2011). For up-to-date research, see e.g. Rezaei and Salimi
(2012), Hsu and Hsu (2012), etc.

Recently, Yassine et al. (2012) extended the EPQ models to
address the issues of shipping the imperfect quality items through
disaggregating (into smaller batches within a single production
run) or consolidation (across multiple production runs) of imper-
fect quality items. We have read the paper with a considerable
interest. However, we found some typos in their consolidating
shipments model, where one of the decision variables (namely the
number of production cycles (nc) between two consecutive ship-
ments of imperfect quality items) is determined through solving a
cubic equation. We also found some typos in the numerical results.
This note rectifies the above mentioned results and presents an
easy-to-compute heuristic solution for nc. Numerical experiments
are carried out to illustrate the performance of this solution.

2. Clarify Yassine et al.'s equations

In the consolidating shipments model of Yassine et al. (2012,
p. 349), the equations needing clarification are as follows.

The holding cost of imperfect quality items over a shipping
cycle composed of nc production cycles was given by
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In (1), the third term inside the brace represents the inventory
from cycle i carried to production cycle nc, which should be
∑nc−1

j ¼ 1ðy2c=αÞPj (the sum of rectangular areas) rather than

∑nc−1
j ¼ 1ðy2c=2αÞPj (the sum of triangular areas).
By taking the expected value of (1), they derived
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In (2), the third term should be ððnc−1Þðnc−2Þy2c =2βÞðμ−μ2Þ, and
all the terms should be multiplied by ‘h’ as shown in (1).

By simplifying (2), they derived
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In (3), the first term inside the bracket should be (nc−1)μ(1−μ).
Note that when nc¼1, (3) becomes ðhy2cμð1−μÞ=2βÞ þ ðhy2cμ=2αÞ,
but the expected accumulation of imperfect quality items is
E½ð1=2Þðyc=αÞP1yc� ¼ ðy2cμ=2αÞ.
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The expected holding cost of imperfect quality items per unit
time was given by

E CIhuðyc;ncÞ
� �¼ E½CIhðyc;ncÞ�
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As in (3), the first term inside the bracket in (4) should be
(nc−1)μ(1−μ).

Finally, they derived the expected total cost.
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It should be pointed out that using the corrected results we
derived the expected total cost as shown in (5). Thus, those errors
could be typos, while they may confuse the readers without
clarification.

3. A heuristic solution

In order to present a heuristic solution, we first briefly review
Yassine et al.'s approach. For fixed nc, they derived the optimal
production quantity and the minimum value of ETCUc(nc,yc):

yn
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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θ2h
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where θ2¼(1−μ)2−(β/α)(1−2μ)+(nc−1)(μ−μ2)+((2/nc)−1)s2 and

ETCUcðncÞ ¼ ETCUcðnc; yn

c ðncÞÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2g2ðncÞ

p
=ð1−μÞ; ð7Þ

where g2(nc)¼(K+(Ks/nc))βhθ2.
From (7), they further derived a cubic equation for solving the

optimal continuous value of nc (say ~nc):

n3
c þ γnc þ π ¼ 0; ð8Þ

where γ ¼ f½−2μ2 þ 3μþ ðβ=αÞð1−2μÞ þ s2−1�ðKs=KÞ−2s2g=ðμ−μ2Þ
and π ¼ −4ðKs=KÞs2=ðμ−μ2Þ.

Finally, the optimal integer value of nc was obtained by

nn

c ¼ arg min
⌊ ~nc⌋; ⌈ ~nc⌉

ðETCUcðncÞÞ ð9Þ

where ⌊x⌋ is the largest integer ≤x and ⌈x⌉ is the smallest
integer ≥x.

From (9), we see that nn
c is a rounding value of ~nc while ~nc

cannot be obtained without a numerical search method. For ease
of computation, we present a heuristic solution (say n̂c) to replace
~nc . Observing π in (8), where s2/(μ−μ2) is small in general (for
instance, P�U(0,b), if b¼0.2, then μ¼b/2¼0.1, s2¼b2/
12¼0.000833, s2/(μ−μ2)¼b/(6−3b)¼0.037) and Ks/Ko1 is often
considered, it can be conjectured that the value of π is small.
Ignoring π in (8) yields

n̂c ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1
μð1−μÞ

Ks

K
ð1−μÞð1−2μÞ−s2− βð1−2μÞ

α

� �
þ 2s2

� 	s
ð10Þ

if n̂�
c ¼ 1 then n̂n

c ¼1, otherwise n̂n

c ¼arg min
⌊n̂c⌋;⌈n̂c⌉

ETCUc(nc).

When nc¼1, (5) and (6) respectively reduce to

ETCUcðycÞ ¼
ðK þ KsÞβ
ð1−μÞyc

þ hyc
2ð1−μÞ ð1−μÞ2 þ s2−

βð1−2μÞ
α

� �
≡ETCUðybÞ ð11Þ

and
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Note that in Yassine et al.'s (2012) numerical study, to make the
base model comparable with the disaggregating and consolidating

shipments models, they modified their original base model to
include shipment setup cost Ks (i.e., (11) and (12) were adopted).

4. Numerical results

We first correct the typos appeared in Yassine et al.'s numerical
results, which were obtained using the data: α¼100,000, β¼50,000,
K¼100, Ks¼50, h¼5, and P�U(0, b) with b¼0.04 and b¼0.15. For
the case b¼0.04, they obtained yn

b¼2499 with ETCUðyn

bÞ¼6003 for
the base model (the same for the disaggregating shipments model
with nn

d¼1); however, the exact total cost obtained from (5) (or (11))
should be ETCUðyn

bÞ ¼ 3062:9þ 3062:9¼ 6125:8. For the consolidat-
ing shipments model, they obtained yn

c ¼2043, nn
c ¼4 with

ETCUcðyn
c ;n

n
c Þ¼5507. Solving the cubic equation (8), we obtained

~nc¼3.43063. But, for ⌊ ~nc⌋¼3 and ⌈ ~nc⌉¼4, since ETCUc(3)¼
5617.6oETCUc(4)¼5619.3, the exact optimal value of nc should be
nn
c ¼3. To confirm this solution, we list the results obtained by (5) and

(6) for given nc¼2, 3, 4. From Table 1, it is clear that nn
c ¼3,

yn
c ¼2119.2, and ETCUcðyn

c ;n
n
c Þ¼ 5617.6. Moreover, by the closed-

form heuristic (10), n̂c¼3.43006 follows. Thus, for this case, we can
conclude that n̂n

c ¼arg min
⌊n̂c⌋;⌈n̂c⌉

ETCUc(nc)¼3¼nn
c .

Next, we demonstrate the performance of proposed heuristic
approach. Let us work on the cases recommending ‘aggregate’ (i.e.,
consolidation) model listed in Table 2 (case #1–5) and Table 3
(case #1–2 and case #7–9) of Yassine et al. (2012, pp.350-351). The
computing results are summarized in Table 2.

From Table 2, we see that n̂c− ~nco0 (i.e., n̂c is underestimated)
and the largest error is 0.0103 (resulting from the largest omitted
value |π|¼0.1081), and hence for all cases the heuristic solution n̂n

c
reaches optimum value. Once n̂n

c ¼nn
c is confirmed, the values of yn

c
and ETCUcðyn

c ;n
n
c Þ should be the same as their values, while there

are slight differences, which could be due to the effects of
rounding.

In addition, we set up 20 testing cases, taking β¼10,000 (a low
demand rate), Ks¼500 (a higher shipment cost than setup cost K),
and b¼0.05 (0.05) 0.5. The computing results are summarized in
Table 3.

Again, the results in Table 3 show n̂c− ~nco0. The largest error
(¼0.1251) occurs at the bottom case (Ks/K¼5 and b¼0.5) in which
the heuristic optimal n̂n

c ¼3 is found by comparing the total costs
of ⌊n̂c⌋¼2 and ⌈n̂c⌉¼3, while the exact optimal nn

c ¼3 is found by
comparing ⌊ ~nc⌋¼3 and ⌈ ~nc⌉¼4. In our numerical experiments so
far, we always have n̂n

c ¼nn
c . Thus, to find an optimal solution for nc,

using the simplified solution n̂c is more efficient than using ~nc.

5. Conclusion

This note corrected some typos that appeared in Yassine et al.'s
(2012) consolidating shipments model. It also provided a heuristic
solution with closed-form expression for determining the near-
optimal number of production cycles. Numerical results indicate
no optimality gap of the heuristic in the tested cases.

Table 1
The results of (5) and (6) for nc¼2, 3, 4.

nc θ2 yc ETCUc(yc,nc)

2 0.5000 2236.1 5704.3
3 0.5196 2119.2 5617.6
4 0.5391 2042.9 5619.3
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