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Abstract

First order reliability method (FORM) for the computation of reliability index has been used widely because of its advantages of the
efficiency and effectiveness as well simplicity for many years. There exists the phenomenon of convergent failure in the FORM in calcu-
lating the reliability index iteratively for some limit state functions, for which the essential factor is investigated using chaotic dynamics
theory in the present paper. The bifurcation plots of reliability index are presented for several typical limit state functions, and the com-
putational results from those mapping functions due to FORM iterations show the complicated dynamics phenomena such as the peri-
odic oscillation, bifurcation and chaos. Moreover, the Lyapunov exponents of non-linear map from FORM are calculated. From the
numerical investigation of presented examples, it is concluded that the convergence of FORM does not depend on the curvature of design
points of the limit state function, and the quantitative index for identifying the convergence of FORM iterative computation is the
Lyapunov exponents of non-linear map corresponding to that limit state function.
� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

From the mathematical viewpoint, the probability of
structural failure is the integration of joint probability den-
sity function over the failure domain defined by the limit
state functions. In general, the following three methods
can be used to compute the probability of structural fail-
ure. The first is the numerical integration method of the
probability density, which is only suitable for a few simple
and low dimensional problems; the second is the numerical
simulation methods such as the Monte Carlo simulation
and the importance sampling method; and the third is the
approximate reliability approach which transforms the
probability density functions with non-normal distribution
variables to that with normal distribution, and then calcu-

late the failure probability according to the formulate
PF = U(�b) (where b represents the reliability index). b is
found for example from the first order reliability method
(FORM) or the second order reliability method (SORM).

In 1969, Cornell [1] applied directly the reliability index
related to the failure probability to measure the structural
reliability, and established the theory of FOSM (namely,
first order second moment method) for reliability analysis.
In 1974, Hasofer and Lind [2] defined the reliability index
b (H-L reliability index) as the minimum distance from
the origin to the limit state surface in the standard normal
space, so that the unique b can be obtained even if the dif-
ferent forms are used corresponding to the same limit state
function. In 1977, Rackwitz and Fiessler [3] suggested the
approach to deal with the non-normal random variables
and proposed the concept of equivalent normalization for
reliability analysis. After the efforts of many researchers,
the correlated random variables can be transformed to the
independent random variables, therefore, the FORM can
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be used to calculate the reliability index of the limit state
function with random variables of any kind of density dis-
tribution. The HL-RF algorithm, which was developed by
Hosfer, Lind, Rackwitz and Fiessler for reliability index
corresponding to FORM, has been accepted widely by the
engineering community because of its advantages of the effi-
ciency and effectiveness as well simplicity for many years,
and it was recommended as the method of reliability analy-
sis by the Joint Committee of Structural Safety (JCSS).

Generally, it is considered that if the degree of non-
linearity of the limit state function is low, the HL-RF
algorithm can obtain the results with enough accuracy after
some iterations. However, if the curvature value near the
design point at the limit state surface is large, the sequential
points during iterating may oscillate in the domain near the
design point and do not converge. The above explanation
is reasonable to some extent undoubtedly, and some
improved methods were proposed based on this under-
standing. For examples, Liu and Kiureghian [4] introduced
the merit function to monitor the convergence of iterative
sequence of FORM to improve the adaptability of reliabil-
ity method. Wang and Grandhi [5,6] established the
approximate polynomial of limit state functions by using
the intervening variables, and then applied the FORM to
evaluate the probability of structural failure. Li et al. [7]
referred to the approach of enhancing the robustness of
non-linear programming algorithms and investigated an
improved FORM algorithm. Gong et al. [8] improved the
iterative process and convergence of FORM algorithm to
some extent through adjusting the iterative step length.

The chaos theory [9] has been applied to deal with the
high non-linearity in the discrete and continuous dynamic
system in both science and engineering fields effectively
for some years. We think that it is helpful to understand
the nature of FORM better by investigating the inherent
causes of the convergent failure of FORM from the per-
spective of chaotic dynamics. In some cases, non-linear
limit state functions present convergent failure during the
iterative process when computing the reliability index b
by FORM in some specific parameter intervals. Moreover,
the reliability index will be in the state of periodic solu-
tions, and go to the chaotic state through the route of peri-

odic doubling bifurcation. Therefore, for both the practical
application of FORM and the development and perfor-
mance evaluation of new approximate reliability methods,
the inherent relationship between FORM and chaotic
dynamics should be investigated.

This paper presents the bifurcation and chaos phenom-
enon of the iterative algorithm of FORM for several non-
linear limit state functions. And the Lyapunov exponents
for non-linear map derived from FORM are calculated
and discussed. Finally, the conclusions are drawn.

2. Basis of chaos theory

In the recent 20 years, the threads of chaos and non-lin-
ear dynamics have spread across the scientific disciplines
like a spider’s intricate web. Chaos theory have provided
new theoretical and conceptual tools that allow us to cap-
ture, understand, and link together the surprisingly com-
plex behaviors of simple systems—the types of behavior
called chaos—in essentially every field of contemporary
science.

In general, the chaotic system consists of differential and
discrete system. The known differential systems include the
Lorenz equation, Rossler equation and forced Duffing
equation, etc. And the discrete systems such as the logistic
map and henon map and so forth are quite typical. Logistic
map is a one-dimensional iterative map, which is a very
simple mathematical model often used to describe the
growth of biological populations. However, the map shows
the bewildering complex behavior. And also due to its
mathematical simplicity, this model continues to be a use-
ful test bed for new ideas in chaos [9].

Logistic map is expressed as

xnþ1 ¼ f ðl; xnÞ ¼ lxnð1� xnÞ; n ¼ 0; 1; 2; . . . ð1Þ
where l is the control parameter. For different value of l,
the dynamic system (1) presents different characteristic illus-
trated in Fig. 1, and Fig. 1(right) shows the zoom of small
rectangle area in Fig. 1(left), where the abscissa represents
the value of l, and the vertical axis denotes the sequence
points derived from the iterative map of Eq. (1). From
Fig. 1(left), it is seen that the discrete dynamic system (1)
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Fig. 1. Bifurcation plot of logistic map.
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