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Abstract

The input-to-state stability (ISS) property for systems with disturbances has received considerable attention over the past decade or so,
many applications and characterizations reported in the literature. The main purpose of this paper is to present analysis results for I8S that u
dynamic programming techniques to characterize minimal ISS gains and transient bounds. These characterizations naturally lead to compu
necessary and sufficient conditions for ISS. Our results make a connection between ISS and optimization problems in nonlinear dissipa
systems theory (including >-gain analysis and nonlinedf~, theory). As such, the results presented address an obvious gap in the literature.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction Jiang and Mareels (1997Jiang, Mareels, and Wang (1996)
Teel (1996)and references defined therein.

Among the many stability properties for systems with distur- The ISS property and the ISS small gain theorems naturally
bances, the input-to-state stability (ISS) property proposed blead to the concept of nonlinear disturbance gain functions or
Sontag (1989)eserves special attention. Indeed, ISS is fullysimply “nonlinear gains”. In this context, obtaining sharp esti-
compatible with Lyapunov stability theoryspntag & Wang, mates for the nonlinear gains is an important issue. Indeed, the
1995 while its other equivalent characterizations relate it tobetter the nonlinear gain estimate that we can obtain, the larger
robust stability, dissipativity and input—output stability theory the class of systems to which the ISS small gain results can be
(Sontag, 2000Sontag & Wang, 1996 The ISS property has applied. Currently, the main tool for estimating the nonlinear
found its main application in the ISS small gain theorem thatgains are the so-called ISS Lyapunov functions that typically
was first proved byliang, Teel, and Praly (1994%everal dif- produce rather conservative estimates (over bounds) for the ISS
ferent versions of the ISS small gain theorem that use differentonlinear gains.

(equivalent) characterizations of the ISS property and their var- It is the main purpose of this paper to present several results
ious applications to nonlinear controller design can be found inhat provide a constructive framework based on dynamic pro-

gramming for obtainingninimum ISS nonlinear gainghese

results are related to optimization based methods in nonlinear
~ “This paper was not presented at any IFAC meeting. This paper wasliSSipative systems theory, such ag-gain analysis and non-
recommended for publication in revised form by Associate Editor Torkellinear Hy, theory (seeHelton & James, 199@nd references
Glad under the direction of Editor Hassan Khalil. This work was supporteddefined therein), as well as recently developed optimization
by the Australian Research Council. basedL., methods (seefialho & Georgiou, 1999Huang &
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Matthew.James@anu.edu.8d.R. James)d.nesic@ee.mu.oz.&D. Nesk), the optimization approach that we take in this paper can inflict
p.dower@ee.mu.oz.alP.M. Dower). a heavy (and sometimes infeasible) computational burden on
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the user. This is a reflection of the intrinsic complexity of theequivalent to the following: for alkg € R” and allu € [,
problem that we are trying to solve. We present results only for
discrete-time nonlinear systems since many calculations anim sup|x(k, xg, u)| <7 (Iim sup|uk|) , (4)

technical details are in this way simplified.

k—+00 k——+o00

The paper is organized as follows. In Section 2 we presenihich is the definition of asymptotic gain propertyJiang and
several equivalent definitions of the ISS property and state wang (2001)
result from the literature that motivates our definitions and re-
sults. A fundamental dynamic programming equation that weDefinition 4 (Zero global asymptotic stability propejtySystem
need to state our main results is given in Section 3. Sections 41) is 0-GAS (withp) if the state trajectories with = 0 satisfy
5 and 6 contain results on minimum nonlinear gains for differ-
ent equivalent definitions of the 1SS property. Two related 15g* (k- X0 O)| < B(lxol, k) (5)
properties are analysed in Section 7 using the techniques @r all xg € R” and allk € Z .
Sections 5 and 6. Several illustrative examples are presented in
Section 8 and the paper is closed with conclusions in Section ®efinition 5 (Input-to-state stability with asymptotic gain for-

2. Preliminaries

mulation). System (1) is ISgg (with (f, y)) if it is AG (with
gainy) and 0-GAS (withf).

Sets of real numbers, integers and nonnegative integers aRemark 6. The above definition is motivated by the result

denoted, respectively, & Z andZ .. A functiony : [0, co) —
[0, 00) is of class# if it is nondecreasing, satisfieg0) = 0
and is right continuous at 0. A functigh: [0, co) x [0, c0) —
[0, 00) is of class# " if for each fixeds >0, B(-, 1) is of
class#" and for each fixed >0, lim,_ ;0 f(s, ) = 0. Denote
loo={u:Z4 — R"™ : |ulloc = SUp |ur| < oo} where| - | is

k€Z+
the Euclidean norm.

Consider the following dynamical system

Xep1 = f Ok, ug), 1)

wherex; € R",u; € R, andf : R" x R" — R" is contin-
uous and satisfieg (0, 0) = 0. For anyxg € R" and any input
u:Z; — R™ we denote by (-, xg, u) the solution of (1) with
initial statexg and inputu.

proved inSontag and Wang (199@ich shows for continuous-
time systems thalSS, < AG + 0-GAS A similar result for
discrete-time systems was proved3ao and Lin (200Q)WJiang
and Wang (2001)This result is restated below in Theorem 9
for convenience.

Definition 7 (Input-to-state stability withmax formula-
tion). System (1) is ISQax (with (f, 7)) if

lx (k, xo, u)| < max{B(|xol, k), y(lullc)} (6)
forall xo e R",allu € lc and allk € Z,..

Remark 8. It is more common in the literature to use the

classes of functiong” and.#" ¥ when defining ISS and related
properties. A functiory : [0, c0) — [0, co) is of class#" if

The following definitions are taken from ISS related litera-t is continuous, strictly increasing ang0) = 0. A continuous

ture. It was shown idiang and Wang (200%hat these defi-

function 8 : [0, c0) x [0, o) — [0, 0o) is of class#".Z if for

nitions of ISS are qualitatively equivalent. However, the gainseach fixedr >0, (-, 7) is of class#" and for each fixed >0
in different definitions are not the same and since we are interg(s, .) decreases to zero.

ested in minimum disturbance gains for different characteriza- |t is not hard to see that the stability definitions that we use
tions, we find it useful to introduce different notation for eachare qualitatively equivalent to the stability definitions when the
of the different characterizations. In all the definitions belowc|asses of functionst” and.# % are replaced, respectively, by

we assume thate # andf € 4 Z.

Definition 1 (Input-to-state stability with + formula-
tion). System (1) is IS$ (with (B, y)) if

x (k, xo0, u)| < f(Ixol, k) + y(llulloc) )

forall xo e R",allu € Ioc and allk € Z,..

Definition 2 (Asymptotic gain proper}y System (1) is AG
(with gainvy) if

lim sup|x(k, xo, )| <p(flu o) ®3)

k— 400

for all xo € R" and allu € /.

Remark 3. Using arguments as in Lemma Il.1 &ontag

A and " %. This follows from the following three facts: (i)
A C A andH L C A Z; (i) given anyy € A, there exists

71 € A such that(s) <y, (s), Vs >0; (iii) given anyf € # %,
there exist$; € # ¥ such thap(s, k) < f1(s, k), Vs >0, Vk €

Z . Consequently, most results that were proved in the litera-
ture for classes of functiong” and 7" are still true when
stated with function classeg” and #".%.

Finally, we note that our relaxed function class definitions
are necessitated by the fact that the minimal ISS gain for some
systems can be of clasg'\.#, as is demonstrated in Section
8.1, Example 1.

The following theorem has been proved in the context of
function classes?” and #"¥ for continuous-time systems in
Sontag and Wang (199@nd for discrete-time systems @ao
and Lin (2000) Jiang and Wang (2001However, this result

and Wang (1996)we can show that the above definition is remains valid for function classe$” and.7" .Z.
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