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In conventional data envelopment analysis (DEA)methods, all inputs and outputs are assumed to be continuous.
However, in many practical situations, firms may generate both desirable and undesirable outputs, and some of
which may only take integer values (e.g., the number of traffic accidents and deaths in a transportation system).
The efficiency evaluation results can be inaccurate if these conditions are not incorporated in the model. In this
paper we propose an integer DEAmodel with undesirable inputs and outputs. The proposedmodel is developed
based on the additive DEA model, in which input and output slacks are used to compute efficiency scores. We
also develop an integer super-efficiency model to discriminate the performance of efficient firms. As an illustra-
tion, we apply the proposed models to the longitudinal data from a city bus company in Taiwan.

© 2012 Elsevier B.V. All rights reserved.

1. Introduction

First introduced by Charnes et al. [5], data envelopment analysis
(DEA) is an effective approach to measuring the relative efficiency
of peer decision‐making units (DMUs) with multiple inputs and out-
puts. In recent years, DEA has been applied to DMUs in various set-
tings, such as efficiency measurement for network systems [17], and
failure mode and effects analysis [10]. Standard DEA models assume
that real values for all inputs and outputs, and that all outputs are
desirable (i.e., more is always preferred to less). Once the efficient
frontier is identified, DEA improves the performance of inefficient
DMUs to reach the frontier either by increasing the current output
levels or by decreasing the current input levels. However, we can
see in many real-world cases where these assumptions are violated.
For example, outputs from a health-care service may involve the
numbers of post-surgery deaths and medical malpractices, which
are undesirable and only take non-negative integer values. In this
paper, we develop integer DEA models to handle situations where
some of the inputs or outputs are undesirable and integer-valued. We
provide an application of the models in evaluating a bus company's
efficiency, where the number of accidents is considered an undesirable
integer-valued output. Our models can also be used to deal with prob-
lems where some inputs are expected to be maximized. For example,

Seiford and Zhu [24] study the efficiency of a waste treatment process,
in which the amount of waste to be treated (an undesirable/irregular
input), is expected to be increased rather than to be decreased.

The integer restriction in DEA has received some but limited at-
tention in literature. Lozano and Villa [21] propose the mixed integer
linear programming (MILP) model to restrict the computed targets to
integers. Kuosmanen and Kazemi Matin [18] later improve Lozano
and Villa's [21] model based upon a new axiomatic foundation for
productionmodels involving integers. On the other hand, there are sev-
eral studies dealing with undesirable inputs/outputs in DEA methods.
Färe et al. [16] develop a non-linear DEA program that utilizes Farrell-
type of efficiencymeasure to simultaneously increase desirable outputs
and decrease the undesirable outputs by the same scaling factor. Some
other researchers such as Scheel [22] and Seiford and Zhu [24], propose
different data transformation approaches to transform undesirable out-
puts/inputs into desirable ones, so that the standard DEAmodels can be
used. However, as discussed in [19], the approaches based upon data
transformation may unexpectedly lead to distorted results, in that
the ranking and the reference target for a DMU may depend on the
transformation method used. As an alternative to the data transforma-
tion approach, one may treat the undesirable outputs as inputs [4],
or utilize input and output slacks directly in producing an efficiency
measure through a slacks-based measure (SBM) approach [27,29].
Chung et al. [11], and Färe and Grosskopf [15] use directional distance
functions (DDF) to handle undesirable cases. As indicated in [25], the
DDF approach is a special case of the weighted additive models. Liu et
al. [20] present a systematic classification of DEA models that consider
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undesirable factors, including slacks-based models, radial models, and
models with Russell measurement.

In this paper, we use the slacks-based measure (SBM) proposed in
[20,27], and formulate additive efficiency and super-efficiency DEA
models to deal with integer-valued undesirable data. Our slacks-based
measure of super-efficiency analysis is capable of deriving a full ranking
of efficient DMUs. Being able to distinguish the performance of efficient
DMUs can not only provide decision makers with better insights into
the performance of peer DMUs, but also help carry out further analysis
for managerial decisions, such as resource-allocation decision (see, e.g.,
[9]).We illustrate our approach andmodels through an empirical study
of Kaohsiung city bus transit from 1994 to 2009, in which the number
of bus accidents represents an integer-valued undesirable output.

The rest of this paper is organized as follows. Section 2 proposes
an additive DEA model subject to integer restriction and undesirable
factors. Section 3 presents an additive super-efficiency model to fur-
ther distinguish efficient DMUs. We present an empirical application
to Kaohsiung Municipal Bus in Section 4. Section 5 concludes with a
summary of our contributions.

2. Additive DEA model

We should begin by noting that one may deal with integer-valued
variables by rounding the referent targets obtained from the standard
DEA model to the nearest integers. However, it has been proven that
this simple rounding approach may result in misleading efficiency
evaluations and reference targets, especially for those DMUs with
relatively small input and output scales [18].

Next we introduce the notations used in this paper. Suppose that
there are n DMUs producing the same set of outputs by consuming
the same set of inputs. Unit j is denoted by DMUj(j=1, …, n). We
use Xj and Yj to denote the input and output vectors of DMUj. We
can categorize input and output variables according to whether a
variable is continuous or integer-valued, and whether a variable is a
regular (desirable) one or undesirable one. Hence in total we have
eight variable sets (i.e., inputs or outputs, continuous or integer-valued,
desirable or undesirable). The eight variable sets include desirable real-
valued inputs and outputs, desirable integer-valued inputs and outputs,
undesirable real-valued inputs and outputs, and undesirable integer-
valued inputs and outputs. As now inputs and outputs are categorized
into eight different groups according to their attributes, we use mGR,
sGR, mBR, sBR, mGI, sGI, mBI, sBI to respectively represent the number of
variables in these eight variable sets. Specifically, the subscripts “G”
and “B” stand for “good” and “bad” inputs/outputs, respectively; the sub-
scripts “R” and “I” stand for “real-valued” and “integer-valued” variables,
respectively. Finally, we use “m” as the index set for input variables, and
“s” for output variables.

We assume that all inputs and outputs are non-negative; i.e.,
for j=1, …, n, it holds that Xj

GR=(xijGR)mGR×1≥0, Xj
GI=(xijGI)mGI×1≥0,

Xj
BR=(xijBR)mBR×1≥0, Xj

BI=(xijBI)mBI×1≥0, Yj
GR=(yrjGR)sGR×1≥0, Yj

GI=
(yrjGI)sGI×1≥0, Yj

BR=(yrjBR)sBR×1≥0, and Yj
BI=(yrjBI)sBI×1≥0. The cor-

responding production possibility set (PPS) with variable returns to
scale (VRS) is defined as [20]:
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Note that if we drop the constraint
Pn
j¼1

λj ¼ 1 in our models, we

have models with constant returns to scale (CRS). Therefore, all sub-
sequent discussions are similarly applicable to the CRS situation.
Based upon the above PPS (1), we propose the following definition
of an efficient DMU.

Definition 1. Efficient DMU

In the presence of integer and undesirable inputs and/or outputs,
a DMUo(Xo

GR, Xo
GI, Xo

BR, Xo
BI, YoGR, YoGI, YoBR, YoBI) is efficient if there does

not exist a vector (XGR, XGI, XBR, XBI, YGR, YGI, YBR, YBI)∈P, such that
Xo
GR≥XGR, Xo

GI≥XGI, Xo
BR≤XBR, Xo

BI≤XBI,YoGR≤YGR, YoGI≤YGI,YoBR≥YBR,
Yo
BI≥YBIwith at least one strict inequality.
In order to simultaneously handle the integrality and undesirable

variables in one model, we modify the standard additive DEA model
[6] based on PPS (1) as follows:
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where variable vectors SoGR−=(sioGR−)mGR×1, SoBR−=(sioBR−)mBR×1, SoGI−=
(sioGI−)mGI×1, SoBI−=(sioBI−)mBI×1 and So

GR+=(sroGR+)sGR×1, SoBR+=(sroBR+)sBR×1,
So
GI+=(sroGI+)sGI×1, SoBI+=(sroBI+)sBI×1 represent the non-radial slack vec-

tors of inputs and outputs for DMUo. According to Definition 1, DMUo is
efficient if and only if the optimal objective for model (2) is zero. Note
that model (2) is unit-invariant, which means that its optimal value
does not depend on the units of measurement in input and output vari-
ables. Compared with classical radial DEA models such as CCR model [5]
and BCC model [3], additive models compute efficiency scores based on
input and output slacks, which provide a clearer view onwhich variables
cause a specific DMU to be inefficient by a certain amount. With these
slack results, directions for improvement are easily obtained for each
input and output measure.

In model (2), slack variables So
GR−, SoBR−, SoGR+, SoBR+, SoGI−, SoBI−,

So
GI+, SoBI+ represent the absolute differences between the original

input/output values and their respective reference points. It is worth
noting that we use inequality in model (2) for integer-restricted in-
puts and outputs because the convex combinations of frontier DMUs
are not necessarily integer-valued. Therefore, Xo

GI−So
GI−, Xo

BI+So
BI−,
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