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a b s t r a c t

Operational risk data, when available, are usually scarce, heavy-tailed and possibly dependent. In this
work, we introduce a model that captures such real-world characteristics and explicitly deals with het-
erogeneous pairwise and tail dependence of losses. By considering flexible families of copulas, we can
easily move beyond modeling bivariate dependence among losses and estimate the total risk capital
for the seven- and eight-dimensional distributions of event types and business lines. Using real-world
data, we then evaluate the impact of realistic dependence modeling on estimating the total regulatory
capital, which turns out to be up to 38% smaller than what the standard Basel approach would prescribe.

� 2013 Elsevier B.V. All rights reserved.

1. Introduction

The magnitude of operational losses observed in recent years
and their potential systemic effects has pointed out the need of
development of realistic and therefore often more sophisticated
quantitative risk management models (see Basel Committee on
Banking Supervision (2009b)). Among the main challenges in oper-
ational risk modeling, we have the presence of very heterogeneous
losses, usually classified in a matrix of 56 risk classes (seven event
types (ETs) � eight business lines (BLs)3; see Basel Committee on
Banking Supervision (2006)), scarcity of data and large numbers of
zero losses for some classes, short time series with extreme tails

and the need to estimate quantiles at very high confidence levels.
In fact, banks are required to calculate the minimum capital require-
ment as the 99.9%-Value-at-Risk of the loss distribution such that

MCR ¼ VaR99:9%

X56

j¼1

Sj

 !
; ð1:1Þ

where Sj is the aggregate loss of one of the 56 BL–ET combinations.
It is clear that this quantity is influenced by the dependencies
among the different risk classes. The standard approach of the Basel
Committee on Banking Supervision (2006) recommends banks to
marginally calculate the risk capital of all 56 BL–ET combinations
and then determine the risk capital as the sum of these 56 figures,
that is,

MCRBasel ¼
X56

j¼1

VaR99:9%ðSjÞ: ð1:2Þ

This corresponds to the assumption of comonotonicity (perfect
dependence) among all 56 BL–ET combinations, which is often per-
ceived by banks as a worst-case scenario for the MCR, assuming that
MCRBasel P MCR. However, due to the lack of subadditivity of the
VaR measure for non-elliptical distributions (see Artzner et al.
(1999)), it may also happen that MCR P MCRBasel. The question if
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the standard Basel approach is appropriate has therefore been
raised many times by practitioners and researchers.

Regulators allow then, with due diligence, explicit dependence
modeling under the Advanced Measurement Approach (AMA).4

The supervisory guidelines for the AMA banks (Basel Committee
on Banking Supervision, 2011) underline that dependence modeling
for operational risk is an evolving area, where many approaches are
currently used by banks with potential impact on the capital
requirements. Results from the 2008 Loss Data Collection Exercises
(Basel Committee on Banking Supervision, 2009a) suggest that,
among the AMA banks only 17% use correlation coefficients, while
most rely on copulas (43%), with a preference for Gaussian copulas,
and 31% AMA banks use other methods.

Research is high then on the regulators agenda to avoid spuri-
ous differences in exposure estimates (see Basel Committee on
Banking Supervision (2011, Paragraph 224)) and to provide sound
guidelines for dependence modeling in operational risk, explicitly
suggesting to move beyond Gaussian copulas and correlations
coefficients. Theoretical and empirical evidence so far has mostly
supported the idea that the assumption of perfect positive depen-
dence is unduly strong and using internally determined correla-
tions, as Basel II allows, could lead to lower the risk capital
requirements while still providing adequate coverage for future
losses (see Artzner et al. (1999), Chapelle et al. (2008) and Frachot
et al. (2004)). However, recently Mittnik et al. (2013) have also
shown that, despite only for a small number of risk classes, model-
ing bivariate dependence could also lead to increase the risk capi-
tal. Especially tail dependence, which cannot be captured by
Pearson’s correlation coefficient, should not be ignored. What is
the total impact on risk capital of explicit dependence modeling
among all BLs and ETs is still, to our knowledge, a question with
no answer, as estimating realistic multivariate operational risk
management models with more than two cells can be computa-
tionally challenging and data are often scarce for model validation.

In this work, we aim at analyzing how much the risk capital
estimate may change when modeling dependencies in multivariate
settings. That is, we consider the total impact of explicit depen-
dence modeling within the eight- or seven-dimensional BL and
ET distributions by introducing a statistical model, which allows
to explicitly consider the presence of extreme tails, heterogeneous
pairwise dependence and large numbers of zero observations. In
particular, we propose a flexible approach that, inspired by the
work of Deb et al. (2009) on drug expenditures and Erhardt and
Czado (2012) on dependent health insurance claims, directly mod-
els the dependence between the aggregate losses in BL–ET combi-
nations using copulas. Since the non-occurrence of losses (zero
events) also conveys information about the dependence character-
istics, we explicitly incorporated it to allow a more accurate assess-
ment of dependence. Finally, given that no excessive data
aggregation is required, parameter estimation can be based on
the maximum amount of available observations.

By using real-world data from the Italian Database of Opera-
tional Losses (DIPO) in the period from January 2003 to June
2011, we can provide new and much needed insights on the impact
of different dependence modeling strategies on total capital
requirements and their validation on real-world data. In fact, our
results suggest that explicitly modeling dependence can lead to a

reduction, as often expected, of the total regulatory capital, which
might turn out to be up to 38% smaller than what the Basel como-
notonicity approach would prescribe.

The paper is organized as follows. Section 2 describes the gen-
eral modeling framework by discussing the key components of
our modeling strategy. Dependence modeling of positive losses is
treated in Section 3, after introducing the key properties we con-
sider as relevant to compare the four major copula classes that
we investigate for multivariate operational risk modeling. Marginal
modeling and a detailed description of the considered copula fam-
ilies are reported in Appendices A and B, respectively. Modeling
dependence among zero events as an additional model component
is described in Section 4, and the computation of risk measures is
subsequently discussed in Section 5. Section 6 finally provides
the results of the empirical investigation on real-world data, while
Section 7 concludes.

2. Zero-inflated dependence model

Common characteristics of operational risk data can be summa-
rized as follows. First, if losses are modeled on a weekly or monthly
basis, it may frequently occur that there are no losses observed for
a particular BL or ET. An excessive number of zero losses is called
zero inflation. Second, distributions of operational losses per BL or
ET may be heavy-tailed, that is, there is a significant probability
of extreme losses that has to be taken into account. Third, different
BLs and ETs are not independent. Most importantly, the type of
dependence, especially the so-called tail dependence, may have a
large impact on risk capital estimates.

While the heavy tails in marginal distributions have already
been extensively discussed in the literature (see for example
Chavez-Demoulin et al. (2006) and Gourier et al. (2009)), appropri-
ate zero-inflated dependence models for aggregate operational
losses have, to our knowledge, not yet been proposed.

Copulas have been established as the fundamental concept of
statistical dependence modeling. A d-dimensional copula is a mul-
tivariate distribution function on ½0;1�d with uniform marginal dis-
tribution functions. Its central role in dependence modeling is due
to the theorem by Sklar (1959), which states that any multivariate
distribution can be decomposed into its margins and a copula.
More precisely, let X ¼ ðX1; . . . ;XdÞ0 � F1;...;d with marginal distribu-
tions F1; . . . ; Fd, then

F1;...;dðx1; . . . ;xdÞ¼C1;...;dðF1ðx1Þ; . . . ;FdðxdÞÞ; x1; . . . ;xd 2R[f�1;1g; ð2:1Þ

where C1;...;d is a d-dimensional copula. If X is a continuous random
vector, then the copula C1;...;d is unique and the multivariate density
f1;...;d of X can be decomposed as

f1;...;dðx1; . . . ; xdÞ ¼ c1;...;dðF1ðx1Þ; . . . ; FdðxdÞÞf1ðx1Þ; . . . ; fdðxdÞ; ð2:2Þ

where c1;...;d is the copula density and f1; . . . ; fd are the marginal den-
sities of f1;...;d. Comprehensive reference books on copulas are Joe
(1997) and Nelsen (2006).

Now, suppose that we want to model the multivariate distribu-
tion of d BLs, ETs or cells of the 7� 8 BL–ET matrix. For brevity, we
henceforth always speak of d cells with d 2 f7;8;56g. Let
Sj P 0; j ¼ 1; . . . ; d, denote the aggregate loss of the jth cell. Then,
we explicitly model the presence of zero inflation in the aggregate
loss by defining the following binary random variable Wj � PWj

for
each cell j 2 f1; . . . ; dg as

Wj :¼
1; zero loss in cell j

0; otherwise

�
:

That is, Wj is the zero inflation component of the otherwise positive
continuous part of Sj, which we denote by Sþj > 0. We obtain the fol-
lowing decomposition:

4 Paragraph 669d in Basel Committee on Banking Supervision (2006): ‘‘Risk
measures for different operational risk estimates must be added for purposes of
calculating the regulatory minimum capital requirement. However, the bank may be
permitted to use internally determined correlations in operational risk losses across
individual operational risk estimates, provided it can demonstrate to the satisfaction of the
national supervisor that its systems for determining correlations are sound, implemented
with integrity, and take into account the uncertainty surrounding any such correlation
estimates (particularly in periods of stress). The bank must validate its correlation
assumptions using appropriate quantitative and qualitative techniques.’’
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