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Abstract. We consider a single period single item inventory system when the demand is a compound
Poisson process with price dependent intensity and continuous batch size distribution with known mean
and variance, and the mean of the demand is large enough. Equations for retail price maximizing the
expected profit under optimal order quantity are obtained and approximate solution is proposed.
Approximate distribution of the large order’s selling time is found and results of testing procedures are

given.
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1. INTRODUCTION AND PROBLEM STATEMENT

The newsvendor problem (NP) is one of the classical
problems of inventory management; see, for example, Arrow,
Harris, and Marshak (1951); Silver, Pyke, and Peterson
(1998). It has been studied since the eighteenth century and
widely used to analyse systems with perishable products in
such different fields as, for example, health insurances,
airlines, sports and fashion industries. And nowadays a lot of
papers related to this problem are still being published, see
reviews by Khouja (1999); Qin et al. (2011); a handbook
editing by Tsan-Ming Choi (2014).

Originally the price is exogenous variable in the NP. Whitin
(1955) was the first who analyzes the price-dependent
demand and determines the order size and selling price
simultaneously. The topic has been the theme of many
papers; see reviews by Petruzzi and Dada (1999); Yano and
Gilbert (2003); Chen and Simchi-Levi (2012).

Consider a supply chain consisting of a supplier, a buyer, and
customers. The duration of the product’s lifetime is 7. At the
beginning of a time period 7 the buyer purchases a quantity Q
at a fixed price per unit d (wholesale price).

Let the demand be a Poisson process with price-dependent
intensity A(c), where ¢ > d is a selling (retail) price per unit

of the product, the values of orders (batch sizes) be i.i.d.
continuous random variables with finite the first and second
moments equals respectively a; and a,. So we consider a
stochastic static model.

We assume that the buyer operates with no capacity
restrictions, and we do not consider the cost of leftovers
utilization and lost sales. The aim is to maximize the
expected profit and to find the distribution of the order’s
selling time.

*This work is performed under the state order No. 1.511.2014/K of the
Ministry of Education and Science of the Russian Federation.

Due to complexity of the problem we solve it for fast moving
items. It gives us a possibility to use the normal
approximation to distribution of demand and the diffusion
approximation of demand process. In such framework we
manage to obtain the equation for optimal price, see (8), and
the distribution of the selling time, see (13) and (14), in
closed form. The latter can be used to estimate the mean and
standard deviation of demand in the case of unobserved lost
sales.

Note that taking into account the approximation the price
optimization’s task can be solved in the framework of
additive-multiplicative model of demand firstly presented by
Young (1978).

Denote X(f) a random customer demand at [0,f], p(-) the
probability density function of X(7) = X.

Expected profit for the buyer at the end of the period
o 0
S=-0d+ cQj' p(x)dx + cj xp(x)dx.
0 0

The buyer is interested in determining an optimal value of O
and then corresponding value of ¢ by maximizing the
expected profit. The characteristics of the duration of the
order’s selling are also of interest.

Obviously the first task has unique solution determined by
the equation

Tp(x)dx%, (1)
0

and corresponding profit

Sy = c?xp(x)dx. 2)
0
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The result is well known; see, for example, Silver, Pyke, and
Peterson (1998).

So we need to know distribution of X. In general the
distribution is very complicated and it is difficult to solve the
NP in closed form.

Denote probability density of the batch sizes f(-). Consider,

for example, the case of exponential distribution

() =iexp[—1], x>0. 3)
a a

1 1

It is easy to see that

() = S HOT 4 e \/Mc)T . (2 Juc)Tx J
ax a

where 7,(-) is the modified Bessel function of the first kind
and first order, 3(-) is the Dirac delta function.

Formula (1) can be written as

Jier | L

(2 ?\,(c)Tu) MO gy =4 )
Q/al ¢

Only numerical solution (4) with respect to Q is possible and
the task of price optimization given QO becomes enough of an
onus. So below we consider the approximate solution of the
problem for fast moving items.

2. PRICE OPTIMIZATION FOR FAST MOVING ITEMS

Let us consider the case A(c)T >>1.

z

Taking into account e as z—>oo; see

1
II(Z)NE

Abramowitz and Stegun (1972), we receive from (4)

0 =aMc)T + azl(c)T‘P(l —%], ®)

2
where W ()= @7 (), ®(x)= \/_ [ exp( ! Jdt.

Formula (5) is valid in general, i.e. for any distribution f°(-)

as AT —> o,
X —al(c)T

Jah(e)T

random variable N (0,1).

because according central limit theorem

converges in distribution to a standard normal

Formula (5) is also well-known as exact result for normally
distributed demand. We know that the normal distribution
provides a good empirical fit to observed demand data for
fast moving items.
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Now find the optimal retail price for order quantity O defined
by (3).

From (2) we get as A(c)T >>1

Q—aM)T
Sy = AMAOTO| =———= |-
‘ C[al © [ N a,A(e)T J

(Q-aMo)T)
2a,M(c)T '

aMc)T exp(_
2n

For optimal value Q defined by (5) we get

S = c{alk(c)T[l—ij— Mexp(_lqﬂ (l_ijﬂ
c 2n 2 c

>0, and S;~0 as c=d. Let the
following natural condition holds: c¢A(c)~0 as ¢ >>1, then

It is obvious that S,

Sy =0 as ¢>>1. It follows that maximum value of Sy(c)
exists.

Let A(c)=AyF(c), where F ()4 is a twice differentiable
function. Then

Sy = alkoT[F(c)(c—d) -

/L(C) Lyofy 4
- 2na1k0 xp( Z\P [1 CJH ©

If A(c)T >>1 then considering only the first summand in (6)

we get a “null” approximation ¢, to optimal value of retail

price ¢’

C = argmax(F(c)(c—d)) .

The approximation is defined by equation

F(c) _

7
F'(cy) @

Price ¢, corresponds to the case when the number of orders
and, consequently, the lot size are very large.

. ... dS . .
Taking derivative d—o we receive the equation for ¢’
c

a
d)+F(c)— | —2*—x
2nain,T

cF'(c) _l 2 _1
A/F(c)]exp{ 2" (l cD+

F'(c)(c—
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