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a b s t r a c t

This paper presents a conjectural-variation-based equilibrium model of a single-price electricity market.
The main characteristic of the model is that the market equilibrium equations incorporate the effect of
the voltage constraints on the companies’ strategic behavior. A two-stage optimization model is used
to solve the market equilibrium. In the first stage, an equivalent optimization problem is used to compute
the day-ahead market clearing process. In the second stage, some generation units have to modify their
active and reactive power in order to meet the technical constraints of the transmission network. These
generation changes are determined by computing an AC optimal power flow.

� 2015 Elsevier Ltd. All rights reserved.

Introduction

Deregulation in electric power systems has been conducted
using different processes in the past decades in several countries.
Electric power systems have gone from being centralized and ver-
tically integrated to systems with different degrees of competition
in their different activities. In the generation activity, electricity
markets were created to determine the amount of energy sched-
uled of the generation units, as well as the ancillary services that
they should provide in order to maintain system stability.

Several models have been developed to study electricity mar-
kets. Usually, these models are based on game theory and they
try to determine the outcome of the interaction between different
companies under the hypothesis of rational behavior. The compa-
nies’ behavior is modeled using a strategic game where companies
take an action knowing that the rest of companies play in the same
way. Among the game theory models are Perfect Competitive mod-
els [1,2], Cournot models where companies compete in quantities
[3–8], Bertrand models where companies compete in prices [3],
Supply Function Equilibrium models where strategic behavior is
modeled by means of supply functions that combine price and
quantity competition [9–16], and Conjetural Variation Based
Equilibrium models where the supply functions are parametrized
with a parameter known as the company’s conjecture [11,17–25].

Most of these models have focused on solving the day-ahead
electricity market and they disregard ancillary service markets
and mechanisms used to clear the different technical constraints
that may appear on the electric power system. Some models
include the effect of network congestion on the companies’ strate-
gic behavior [1,3–6,12–16,19–23]. However, they only study the
congestion caused by the thermal limits of the transmission lines.
Therefore, they use a DC approximation of the power flow equa-
tions, and it is not possible to analyze other technical constraints
such as voltage constraints or reactive power requirements.

Few models [2,7–11,17] study the effect of voltage constraints on
the companies’ strategic behavior. However, all of them are focused
on nodal-price electricity markets, and none of them assess the
effect on single-price electricity markets. Almeida and Senna [2]
proposed a bilevel optimization problem that models the active
and reactive power dispatch under competence. The first level corre-
sponds to the active power market and the second level minimizes
the opportunity cost of the reactive power which is defined in terms
of the marginal price of the power active market. Bautista et al. [7,8]
presented a Cournot model to study the influence of the reactive
power requirements on the active power dispatch. These works
argue that the DC approximation of the power flow is not accurate
enough because it does not take into account the capability curve
of the generation units that models the tradeoff between active
and reactive power. Bautista et al. [9] was an extension of the pre-
vious approaches using a supply function equilibrium model.
Soleymani [10] developed a supply function equilibrium model for
optimal bidding strategy of generation companies in active and
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reactive power markets, where the companies have incomplete
information about their rivals. Petoussis et al. [11] assessed different
parametrization methods of the companies’ supply functions in an
active power market taking into account an AC representation of
the network. Chitkara et al. [17] proposed a model to analyze the
companies’ strategic behavior in a reactive power market. This
model assumes that the active power is already scheduled, thereby
there is no feedback between the reactive and active power markets,
i.e., reactive power requirements do not modify strategic behavior in
the active power market.

This paper presents a conjectural-variation-based model of a
single-price electricity market. The main characteristic of this
model is that the companies’ strategic behavior takes into account
the effect of the voltage constraints. The market equilibrium equa-
tions are solved by means of a two-stage optimization problem. In
the first stage, a mixed complementary problem models the day-
ahead market clearing process. In the second stage, an optimal
power flow is solved to determine the changes in active and reac-
tive power needed to meet the voltage system requirements.
Moreover, this paper presents an iterative algorithm to resolve
the two-stage optimization problem. This model is based on the
model proposed in [23]. The main difference between the two
models is that the model in [23] only analyzes the effect of net-
work congestion caused by the thermal limits of the transmission
lines. Thus, the model in [23] uses a DC-OPF which assumes that
there is enough reactive power compensation in all nodes to main-
tain voltage at the desired level, so the terms related to reactive
power are discarded and the voltage levels are equal to 1 p.u. in
all nodes. However, this DC approximation is not suitable to study
the effect of the voltage level requirements because it is not possi-
ble to assume that voltage levels are constant in all nodes. Hence,
the model presented in this paper uses an AC-OPF to properly
model the voltage requirements at the transmission network. It
is important to point out that in recent years optimal power flow
has been used to assess the operation of the electricity systems
not only in high voltage levels but also in medium and low voltage
levels in the distribution grids, e.g., [26–28] studied the optimal
operation of the system taking the integration of renewable
generation, distributed generation and microgrids into account.

The remainder of this paper is organized as follows:
Section ‘Market equilibrium model’ presents the market equilib-
rium model that includes the effect of the voltage constraints on
the companies’ strategic behavior. Section ‘Numerical example’
provides and analyzes a numerical example. Finally,
Section ‘Conclusions’ draws the most relevant conclusions.

Market equilibrium model

This section generalizes the model presented in [23] in order to
study the effect of voltage constraints on the companies’ strategic
behavior in a single-price electricity market. In the electricity mar-
ket, the scheduled day-ahead generation is usually determined
first. Then, a subsequent procedure is carried on if the day-ahead
market solution does not meet the technical requirements neces-
sary to maintain system stability. Different technical constraints
are assessed and the power produced by units may change with
respect to the scheduled day-ahead generation.

Market clearing conditions

The day-ahead market clearing process determines the active
power Pj of each generation unit j as well as the market price k.
Since it is a single-price electricity market, the total generation
and demand have to be balanced (1) and the market price k is equal
to the bid of the marginal unit:

X
j2J

Pj ¼
X
a2A

DPa þ losses ð1Þ

Subsequently, the changes in production necessary to maintain
system stability are determined using a mechanism to solve the
technical constraints. There are different schemes to remunerate
the power active changes as presented in [29–32]. In this paper,
the Spanish mechanism [29] is modeled in which the power active
increments Xj are paid at the price c while the reductions Wj are
charged at the day-ahead market price k. In order to maintain
the system active power balance, the total active power increment
is equal to the total active power reduction:X
j2J

Xj ¼
X
j2J

Wj ð2Þ

The company’s problem

A generation company i will try to maximize its profit by deter-
mining the production of its generation units, Pj, as well as the pro-
duction changes, Xj and Wj, required to meet the technical system
constraints. Moreover, since the generation company behaves stra-
tegically, it can change the electricity prices when the production
of its units changes. This strategic behavior could be modeled by
means of the parameters hi and bi. hi corresponds to the conjec-
tured-price response in the day-ahead market [18] and bi to the
conjectured-price response in the subsequent mechanism.

Since the reductions are charged at the day-ahead market price,
it is possible to represent the quantity reduced Wj as a ratio of the
day-ahead market production Pj, i.e., Wj ¼ mj � Pj, where mj repre-
sents the proportion of the active power generation that unit j has
to reduce in order to meet the network constraints. Thus, the value
of mj has to be computed taking into account the power flow
constraints.

Therefore, the profit maximization problem of company i is:

max
ki ;ci ;Pj ;Xj

ki �
X
j2Ji

ð1�mjÞ � Pj þ ci �
X
j2Ji

Xj �
X
j2Ji

C ð1�mjÞ � Pj þ Xj
� �

ð3Þ

s:t:

ki ¼ k� � hi �
X
j2Ji

Pj �
X
j2Ji

P�j

 !
ð4Þ

ci ¼ c� � bi �
X
j2Ji

Xj �
X
j2Ji

X�j

 !
ð5Þ

Pj � Pj P 0 : ðljÞ 8j ð6Þ
Pj �wj � Xj P 0 : ðmjÞ 8j ð7Þ
Pj � Pj � Xj P 0 : ðnjÞ 8j ð8Þ
Pj P 0; Xj P 0 8j ð9Þ

In the event that the scheduled active power determined in the
day-ahead market does not meet the technical system constraints,
the units’ generation has to be modified in the subsequent mecha-
nism. Assuming that these modifications happen on a regular basis,
the companies can predict them, and may use this information to
behave strategically. Thus, in the company’s optimization problem,
this information is modeled using the reduction factors, mj, and the
binary variables, wj, that indicate which units have to increase
generation. Both are determined in the subsequent mechanism
as shown in Section ‘Subsequent mechanism’. The Eq. (3) is the
profit of the company i. Constraints (4) and (5) represent how
the company conjectures that electricity prices will change if the
company changes its production. Each company i has an estima-
tion of the prices ki and ci. However, in the equilibrium these prices
are equal to the day-ahead market price, k�, and the price of the
active power increments, c�, respectively. Constraint (4) is the
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