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a b s t r a c t

The traditional Extended Kalman filter (EKF) is a useful tool for structural parameter identification with
limited observations. It is, however, not applicable when the excitations on the structure are unknown or
the excitation locations are not monitored. A novel Extended Kalman filter approach referred to as the
General Extended Kalman filter with unknown inputs (GEKF-UI) is proposed to estimate the structural
parameters and the unknown excitations (inputs) simultaneously. The proposed GEKF-UI gives an analyt-
ical EKF solution dealing with the more general measurement scenarios with the existing EKF methods as
its special cases. Existing constraints on sensor configuration have been removed enabling more general
application to complex structures. Simulation results from a 3-storey linear damped shear building, an
ASCE benchmark structure and a two-storey planar frame structure are used to validate the proposed
method for both time-invariant and time-varying system identification.

� 2015 Elsevier Ltd. All rights reserved.

1. Introduction

1.1. The simultaneous state and unknown input estimation using
Kalman filtering

The Extended Kalman filter (EKF) [1] is a simple but powerful
tool for the identification of structural parameters such as stiffness,
damping and nonlinear parameters with limited measurements for
structural health monitoring (SHM) of structures [2–5]. Existing
EKF approaches treat the unknown structural parameters as part
of the states to be estimated. To track the evolution of the esti-
mates, all the external excitations (inputs) should be known or
measured. However, some inputs may not be measured or known
in practice, such as the seismic excitations, the ambient wind loads,
the moving traffic loads, etc. Therefore, an EKF approach which can
deal with unknown inputs is in need. Though theoretical study on
linear filtering with unknown inputs has been extensively studied
during the past few decades [6–12], yet their nonlinear counter-
parts, the EKF method with unknown inputs have not been broadly
investigated. Wang and Haldar [13] proposed an iterative
least-squares procedure in conjunction with the traditional EKF
to estimate the states and unknown inputs off-line with limited

observations. Lately, Al-Hussein and Haldar [14] improved the
method by replacing the EKF formulation with the more recent
unscented Kalman filter (UKF) to obtain improved performance
of structural health assessment (SHA). However, the drawbacks
in the numerical procedure of the off-line original method [13]
are still retained. To track the evolution of the structural parame-
ters (damages of the structures) on-line, an extended Kalman filter
with unknown inputs (EKF-UI) was derived analytically by
minimizing a least-squares objective function [15]. More recently,
a method which sequentially estimates the unknown inputs with
the least-squares estimation and the states with the traditional
EKF was proposed [16,17] for both linear and nonlinear structures.
Other than the identification of external excitations, it has been
shown that the EKF with unknown inputs can be extended to a
large structural system [16] based on a decomposition method.
The intra-connection effect between structural elements is
regarded as unknown input to the substructures. The measure-
ments at the sub-structural interface degrees-of-freedom (DOFs)
are not necessary as a result, and the number of sensors in the
SHM system for a large scale structure is thus reduced. These serve
as good justifications for the development of a new EKF approach
with unknown inputs.

For the above-mentioned EKF approaches [13–16], all inputs are
required to be present in the observation equations, which imposes
constraints on the number and location of the sensors required. For

http://dx.doi.org/10.1016/j.engstruct.2015.11.014
0141-0296/� 2015 Elsevier Ltd. All rights reserved.

⇑ Corresponding author.
E-mail address: cesslaw@connect.polyu.hk (S.S. Law).

Engineering Structures 109 (2016) 85–98

Contents lists available at ScienceDirect

Engineering Structures

journal homepage: www.elsevier .com/ locate /engstruct

http://crossmark.crossref.org/dialog/?doi=10.1016/j.engstruct.2015.11.014&domain=pdf
http://dx.doi.org/10.1016/j.engstruct.2015.11.014
mailto:cesslaw@connect.polyu.hk
http://dx.doi.org/10.1016/j.engstruct.2015.11.014
http://www.sciencedirect.com/science/journal/01410296
http://www.elsevier.com/locate/engstruct


instance, the sensors should be installed at all the DOFs corre-
sponding to the external excitations in Lei et al. [16]. Moreover,
if the measurements are not in the form of accelerations, extra sig-
nal processing is needed with additional computation effort. For
example, before the application of the EKF-UI approach [15], dou-
ble numerical differentiations have to be made with the aid of low-
pass digital filter to obtain the accelerations from the measured
displacements of a 3-storey nonlinear shear building subjected to
unknown earthquake. To reduce these restrictions Pan et al. [18]
have proposed an EKF with unknown inputs without direct feed-
through (EKF-UI-WDF) approach where all the unknown inputs
are in the model equations whereas none of them are explicitly
shown in the observation equations.

1.2. Weakness with existing Kalman filtering approaches with
unknown inputs

To the best of the authors’ knowledge, literature on Kalman Fil-
ter with unknown inputs is mainly divided into two categories: (I)
those with the unknown inputs included in both the model equa-
tions and the observation equations [9,11–17]; and (II) those with
the unknown inputs found only in the model equations [6,8,10,18].
The coefficient matrix of unknown inputs in the observation equa-
tions of the first group should be of full column rank [15]. The same
coefficient matrix for the latter group is a zero matrix, which
results in one step delay in the estimation of the unknown inputs.

To demonstrate the differences more clearly, an ASCE bench-
mark 4-storey structure [19] subjected to two white noise excita-
tions at the 2nd and 4th floors is adopted in the following
discussion. Numerical analysis on this example is given in Section 4
of this paper.

By introducing the extended state vector Z ¼ fxT; _xT; hTgT into
the equations of motion of the structure, the model equation
becomes _ZðtÞ ¼ gðZ; f�; tÞ where x; _x; h are vectors of the storey dis-
placements, velocities and unknown structural parameters, respec-

tively. f�ðtÞ ¼ ½f 2ðtÞf 4ðtÞ�T is the unknown input vector. Cases with
different measurement scenarios are discussed as follows:

Case (i) When the measurements are accelerations from all sto-
ries at t ¼ ðkþ 1ÞDt (k = 0, 1, 2, . . .), i.e., ykþ1 ¼
½€x1;kþ1€x2;kþ1€x3;kþ1€x4;kþ1�T. The observation equations
become ykþ1 ¼ hðZkþ1; f

�
kþ1; kþ 1Þ where f�kþ1 ¼

½f 2;kþ1f 4;kþ1�T. Since the rank of the coefficient matrix
with unknown inputs D�

kþ1jk ¼ ½@hkþ1=@f
�
kþ1� ¼

0 1 0 0
0 0 0 1

� �T
is two and it is of full column rank, the

condition of estimation [14] holds. Therefore, Category
I EKF approaches are applicable for the solution [15–17].

Case (ii) When the measurements are displacements from all
stories at t ¼ ðkþ 1ÞDt (k = 0, 1, 2, . . .), i.e.,
ykþ1 ¼ ½x1;kþ1x2;kþ1x3;kþ1x4;kþ1�T. The observation equa-
tions become ykþ1 ¼ hðZkþ1; kþ 1Þ where no unknown
input exists. The rank of D�

kþ1jk ¼ ½@hkþ1=@f
�
kþ1� ¼

0 0 0 0
0 0 0 0

� �T
is zero and is not full rank, and the con-

dition of estimation [15] does not hold. The Category I
EKF approaches are not applicable as a result while Cat-
egory II approaches [18] can deal with this case.

Case (iii) When no sensor is installed on the second floor, i.e.,
ykþ1 ¼ ½x1;kþ1x3;kþ1x4;kþ1�T, the rank of D�

kþ1jk ¼

½@hkþ1=@f
�
kþ1� ¼

0 0 0
0 0 1

� �T
is unity which is less than

full rank. Therefore, both Categories of EKF approaches

discussed above are not applicable. In other words, the
simultaneous estimation of the states and inputs with
this scenario of measurement cannot be solved with
any existing EKF approaches.

As a summary,

(a) For the simultaneous estimation of the state and unknown
inputs, Cases (i) and (ii) above show that the EKF approaches
in different forms are needed for different measurement sce-
narios, which brings unnecessary inconvenience for the
computation.

(b) Case (iii) shows that for a general measurement scenario
where only partial inputs are present in the observation
equations, with 0 < rankðD�

kþ1jkÞ < r, where r is the full col-
umn rank, no existing EKF approaches is applicable.

In this paper, a novel EKF approach referred to as the General
EKF with unknown inputs (GEKF-UI) is proposed to identify struc-
tural parameters and unknown inputs simultaneously. It is an EKF
approach with partial measurement and unknown inputs covering
the case of 0 6 rankðD�

kþ1jkÞ 6 r, which is more general than exist-
ing approaches that require rankðD�

kþ1jkÞ ¼ r or rankðD�
kþ1jkÞ ¼ 0.

There is no need to measure the responses at all of the DOFs on
which the unknown inputs are acting as a result.

The recursive solutions of the GEKF-UI are formulated with the
least-squares estimation of an extended state vector with the aid of
matrix decompositions. The unknown inputs at all time instants
and the current states are combined as the extended state vector
whose dimension increases with time. The relationship between
the extended state vectors at two consecutive time instants is
derived to form a recursive solution on the extended state vector.
Matrix decomposition is then applied to obtain the extended state
vector.

Simulation results from the following examples are used to val-
idate the proposed method: (a) a three-degrees-of-freedom (DOFs)
linear damped shear building subjected to an unknown earthquake
excitation; (b) the Phase I ASCE benchmark building for structural
health monitoring subjected to two unknown white noise excita-
tions; and (c) a 2-storey plane frame with 12 DOFs subjected to
unknown inputs with abrupt reduction of stiffness.

The layout of this paper is given as follows. The problem formu-
lation is given in Section 2. The recursive solutions for the proposed
GEKF-UI approach are derived and presented in Section 3 with dis-
cussions. To verify the proposed method, three numerical exam-
ples are presented in Section 4. Section 5 gives the conclusions.
Detailed derivations on the solutions in Sections 3 are given in
Appendices A and B.

2. Problem formulation

When the external excitations are not measured (unknown),
the equations of motion of a m-DOFs linear damped structure
can be expressed as:

M€xðtÞ þ Fc½ _xðtÞ� þ Fs½xðtÞ� ¼ g�f�ðtÞ þ gfðtÞ ð1Þ

where f�ðtÞ ¼ ½f �1ðtÞ; . . . ; f �r ðtÞ�T is the set of r-unknown (or unmea-
sured) excitations; Matrix g� is a mapping matrix associated with

f�ðtÞ; fðtÞ ¼ ½f 1ðtÞ; f 2ðtÞ; . . . ; f sðtÞ�T is the set of s-known (measured)
excitations; and g is a (m� sÞ mapping matrix associated with fðtÞ.

Consider an extended unknown state vector with a dimension
of (2mþ nÞ,

ZðtÞ ¼ fxT; _xT; hTgT ð2Þ
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