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a b s t r a c t

Motion estimation has many applications in fluid analysis, and a lot of work has been carried out using
Particle Image Velocimetry (PIV) to capture and measure the flow motion from sequences of 2D images.
Recent technological advances allow capturing 3D PIV sequences of moving particles. In the context of 3D
flow motion, the assumption of incompressibility is an important physical property that is satisfied by a
large class of problems and experiments. Standard motion estimation techniques in computer vision do
not take into account the physical constraints of the flow, which is a very interesting and challenging
problem. In this paper, we propose a new variational motion estimation technique which includes the
incompressibility of the flow as a constraint to the minimization problem. We analyze, from a theoretical
point of view, the influence of this constraint and we design a new numerical algorithm for motion esti-
mation which enforces it. The performance of the proposed technique is evaluated from numerical exper-
iments on synthetic and real data.

Crown Copyright � 2009 Published by Elsevier Inc. All rights reserved.

1. Introduction

Particle Image Velocimetry (PIV) is a technique which aims at
obtaining image sequences of fluid motion in a variety of applica-
tions, in gaseous and liquid media, and at extracting the corre-
sponding flow velocity information (see [1]). The typical setting
of a PIV experiment includes the following components: the flow
medium seeded with particles, droplets or bubbles, a double
pulsed laser which illuminates the particles twice within a short
interval of time, a light sheet optics guiding a thin light plane with-
in the flow medium, one or several CCD cameras which capture the
two frames exposed by the laser pulses and a timing controller
synchronizing the laser and the camera. Standard PIV techniques
estimate two planar components of the fluid motion from 2D
images (2D-PIV). Using stereo techniques, dual-plane PIV or holo-
graphic recording (3C-PIV) the third spatial component of the flow
can be also estimated, as in [2]. The extension of PIV techniques to
full spatial domain (3D-PIV) is currently an active research area
(see [3] for more details).

The most common technique for motion estimation in 2D-PIV is
based on local correlation between two rectangular regions of two
consecutive images, as in [4]. This technique has a straightforward
extension to 3D images. Another approach to motion estimation
widely used in computer vision is based on energy minimization,
also called variational technique, where on the one hand, we as-
sume the conservation of the image intensity of the scene objects

across the image sequence (in PIV sequences, the scene objects
are the particles); and on the other hand, we assume a certain reg-
ularity of the flow. In the context of 2D PIV, such an approach has
been proposed by Corpetti et al. [5].

When dealing with 3D fluid flow estimation, sufficient informa-
tion is captured to model physical constraints of the flow, such as
the Navier–Stokes equations or the incompressibility. Currently, an
interesting challenging problem is to include these constraints into
the motion estimation model.

In this paper, we propose a new variational motion estimation
technique which includes the incompressibility of the flow as a
constraint in the minimization problem. In order to minimize the
constrained energy, we use a generalized Lagrange multiplier
approach.

The paper is organized as follows: in Section 2, we briefly
describe related works on flow motion estimation, in Section
3, we present the classic Helmholtz vector field decomposition
that we use to analyze the constrained energy problem. In
Section 4, we propose a new variational model constrained by
the incompressibility of the flow. In Section 5, we present our
numerical scheme and implementation. In Section 6, the perfor-
mance of the proposed method is evaluated from experimental
results on synthetic and real data, before the discussion and
conclusion.

2. Related works on motion estimation

Among the different existing approaches to estimate motion be-
tween two images, the methods based on local cross-correlation
and the methods based on energy minimization (variational
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approaches) are widely used in the literature. In this section, we
briefly review both approaches.

2.1. Motion estimation using local cross-correlation

Cross-correlation is the most common technique for fluid mo-
tion estimation in PIV (see for instance [1,4]). We denote I1 and
I2 two consecutive images, u represents the unknown flow motion
between I1 and I2 and N is the image dimension (in our case N ¼ 3).
X is the domain of definition of the images, and @X is the boundary
of X.

For each voxel v ¼ ðvx;vy;vzÞ 2 X, the correlation technique
compares a rectangular subvolume I1;v of I1 centered on v, with a
subvolume of I2 centered on a neighbor v + d of v. The similarity
measure between two rectangular subvolumes is based on the
cross-correlation and is defined as:

CvðI1; I2ÞðdÞ ¼
X

y2I1;v

I1ðv þ yÞI2ðv þ dþ yÞ: ð1Þ

The displacement d which maximizes the above similarity measure
provides the flow motion estimation at voxel v.

Usually, the correlation is computed in the Fourier domain to
reduce the computational cost of the cross-correlation method.
The accuracy of the correlation method is improved by applying
the algorithm iteratively using decreasing correlation window
sizes, and sub-voxel precision is obtained by means of interpola-
tion schemes.

2.2. Standard energy-based method

Variational approaches to motion estimation are widely used in
computer vision (see for instance [6–15]). In the framework of fluid
mechanics some interesting contributions can be found in [16–22].

In a variational approach, the flow motion is estimated by min-
imizing an energy functional. The standard energy functional EðuÞ,
that we use in this paper, is written as:

EðuÞ ¼
Z

X
ðI1ðxÞ � I2ðxþ uðxÞÞÞ2dx|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

data term

þa
Z

X
kruðxÞk2dx|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

regularization term

; ð2Þ

where uðxÞ ¼ ðuxðxÞ;uyðxÞ;uzðxÞÞt denotes the unknown vector flow,
kruðxÞk2 is defined as kruxðxÞk2 þ kruyðxÞk2 þ kruzðxÞk2, and a is
a scalar coefficient that weights the smoothing term. Under the
assumption of intensity conservation for each voxel, the first term
(data term) becomes zero when the first image matches the second
one displaced by u : I1ðxÞ ¼ I2ðxþ uðxÞÞ. The second term is a regu-
larization term which smooths the vector field. Several regulariza-
tion terms have been proposed in the literature in order to better
preserve discontinuities and improve the robustness, as in [9,15].
In this paper, since we focus on the incompressibility of the esti-
mated flow as a new constraint, for simplicity, we will use the clas-
sic regularity term presented above.

Usually, homogeneous Neumann conditions (u � n ¼ 0 in @X
where n is the normal boundary vector field) are assumed at the
boundaries. These boundary conditions minimize the boundary
influence in the flow estimation. The Euler–Lagrange equations of
the energy yields to the partial differential equation system:

rEðuÞ ¼ ðI1ðxÞ � I2ðxþ uÞÞ � rI2ðxþ uÞ þ aDu ¼ 0; ð3Þ

where Du ¼ ðDux;Duy;DuzÞt . The coefficient a is usually normalized
to allow invariance under global intensity change. To this purpose, a
is written as

a ¼ a0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
jXj

Z
X
krI2ðxÞk2dx

s !2

; ð4Þ

where a0 is a constant parameter. In the context of 3D PIV flow, this
energy have been studied in previous work by [23,24]. In these pub-
lications, the energy of Eq. (2) is not constrained by the incompress-
ibility of the flow. In [24], the incompressibility is obtained by
applying iterative solenoidal projection of the current flow motion
while minimizing the unconstrained energy. It has the important
limitation that the incompressibility constraint is not included in
the energy itself. In this paper, we overcome this limitation by solv-
ing the constrained energy optimization problem. This technique is
based on a Lagrange multipliers generalization theorem presented
in Section 4.

3. Helmholtz vector field decomposition

The result presented in this section can be found in classical
books on fluid mechanics (see for instance [25–27]). First, we intro-
duce the following notations:

Hs� us 2C1ðXÞ\Cð�XÞ : divðusÞ¼0 in X and us �n¼0 in @X
n o

; ð5Þ

where nðxÞ is the vector normal to the boundary of X, and

Hr � ur 2C1ðXÞ\Cð�XÞ :9 p2H1ðXÞ such that ur ¼rp in X
n o

; ð6Þ

where H1ðXÞ is the usual Sobolev space.

Theorem 1 (Helmholtz decomposition). Let u 2 C1ðXÞ \ Cð�XÞ be a
3D vector field, then there exists us 2 Hs and ur 2 Hr such as:

u ¼ us þ ur;

and where us and ur are orthogonal in L2ðXÞ; i.e.Z
X

usðxÞurðxÞdx ¼ 0;

and ur ¼ rp where p is a solution of the Poisson’s equation:

Dp ¼ divðuÞ in X ð7Þ
@p
@n
¼ u � n in @X;

denoting Dp the usual Laplacian operator.

We observe that the above Poisson’s equation allows us to esti-
mate the projection of u in Hr and Hs. Indeed, given pð�Þ the solu-
tion of the above Poisson’s equation, we can define the following
projection operators in the space Hr and Hs:

PrðuÞ � ur ¼ $p; ð8Þ
PsðuÞ � us ¼ u� $p: ð9Þ

4. Incompressibility constrained model

A large class of real fluid flows satisfies the incompressibility
constraint (i.e. divðuÞ ¼ 0). In this section, we focus on how to in-
clude such an incompressibility constraint in the 3D flow motion
estimation. To this end, we look for local minima of the constrained
energy

min
u2Hs

EðuÞ; ð10Þ

where EðuÞ is defined in Eq. (2) and Hs is defined in Eq. (5). Next, we
show a generalization of the Lagrange multipliers technique applied
to the constrained energy problem Eq. (10).

First, let us recall that the classic Lagrange multipliers technique
to minimize a constrained energy EðuÞ, where the constraint is gi-
ven by gðuÞ ¼ 0, is based on the minimization of the unconstrained
energy:
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