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a b s t r a c t

Consider the following basic model in economic safety analysis: a firm is willing to invest an amount x in
safety measures to avoid an accident A which, in the case of occurrence, leads to a loss of size L. The prob-
ability of an accident is a function of x. The optimal value of x is determined by minimizing the expected
costs. In the present paper we study this model (and an extended version of it) in an applied risk/safety
management setting, which allows for imprecise probabilities for the accident probabilities. The impre-
cision reflects the fact that the knowledge basis for assigning the probabilities is poor and based on many
assumptions, and also that there are different knowledge bases among relevant experts and stakeholders.
The purpose of the paper is to present and discuss a set-up for the precise formulation of this type of
problems and show how they can be solved. We demonstrate in the paper how an optimal investment
level x can be determined under different sets of situations and conditions, including one where a toler-
ability limit is defined for the accident probability. The main conclusion of the paper is that the robust
optimization methods could in practice provide useful decision support but should be supplemented
with sensitivity analyses showing the optimal investment levels for various parameter values followed
by qualitative analyses providing arguments supporting the different parameter values.

� 2013 Elsevier Ltd. All rights reserved.

1. Introduction

We consider the basic safety investment model first proposed
by Shavell (1984) and followed by Schmitz (2000) and Hiriart
et al. (2004) among others, which provides guidance for the deci-
sion making and can be described as follows:

A firm is willing to invest an amount x in safety measures to
avoid an accident A which, in the case of occurrence, leads to
a loss of size L. The probability of an accident is a function of
x. The optimal value of x is determined by minimizing the total
expected costs.1

This model allows for the determination of the proper level of
investment in prevention from the firm’s perspective. In Aven and
Hiriart (2011), this model and extended versions of it, are re-exam-
ined by adopting a practical risk/safety management perspective.
The authors question how the model can be used for guiding the firm
and regulators in determining the proper level of investment in
safety. Attention is given to issues like how to specify the accident

probability and how to take into account uncertainties that extend
beyond the expected value. It is concluded that the model, with suit-
able extensions and if properly implemented, provides a valuable
decision support tool: the focus on investment levels stimulates
the generation of alternative risk-reducing measures, and the model
is thus particularly useful in risk reduction (ALARP) processes.2

In all these applications of the model, it is assumed that the
probability of an accident is specified by one number. It is a subjec-
tive (also referred to as a judgmental or knowledge based) proba-
bility.3 An assigned probability P expresses the analyst’s judgment of
the event under consideration (say A) given his/her background
knowledge (here called K); i.e., we can write P = P(A|K). Different
interpretations can be given for this probability but in line with Lind-
ley (2006), the uncertainty standard meaning is used in this paper:

The probability is a subjective probability. For instance, if we
assign a probability of 0.1 to the event A, we compare our
uncertainty (i.e. our degree of belief) of A occurring with a stan-
dard event like drawing a red ball from an urn containing 10
balls of which one is red.
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1 The common goal of the cited papers (Shavell, 1984; Schmitz, 2000; Hiriart et al.,
2004) is ultimately to define the optimal public intervention regarding agents
creating risks for others in the economy. The behaviour of these risky agents with
respect to safety investments is modelled as described here.

2 ALARP: As Low As Reasonably Practicable.
3 Note that in Bayesian analysis it is common to introduce probability models with

parameters, and use subjective distributions to reflect the epistemic uncertainties
about these parameters. In our set-up such a probability model is however not
introduced.
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However, in many situations the basis for assigning the proba-
bilities could be weak, for example concerning the accident proba-
bility for a specific investment in our case. A specific number can of
course always be assigned, but the rationale for it can be ques-
tioned – strong assumptions may be needed to justify a concrete
number. The assigned probability is precise, but may be considered
rather arbitrary. Other analysts could have produced very different
numbers. This type of considerations has led to the use of interval
probabilities or imprecise probabilities. This theory generalizes
probabilities by using an interval ½PðAÞ; PðAÞ� to represent uncer-
tainty (degree of belief) about an event A, with lower probability
P(A) and upper probability PðAÞ, where 0 6 PðAÞ 6 PðAÞ 6 1. The
imprecision in the representation of the event A is defined by
DPðAÞ ¼ PðAÞ � PðAÞ. In line with the uncertainty standard interpre-
tation of a subjective probability, we interpret an imprecision
interval, say [0.1,0.5] for the probability P(A) in this way (Lindley,
2006, p. 36; Aven, 2011): the analyst states that his/her assigned
degree of belief is greater than the urn chance of 0.10 (the degree
of belief of drawing one particular ball out of an urn comprising 10
balls) and less than the urn chance of 0.5. The analyst is not willing
to make any further judgments.

The use of the imprecision interval is a debated topic in the ap-
plied probability literature (see Aven, 2011, for example). This dis-
cussion is, however, outside the scope of the present paper. Here
we simply assume that an imprecise probability set-up is consid-
ered appropriate for reflecting the aspects mentioned above con-
cerning the problems of supporting a specific probability number
when the background knowledge is weak. In the paper we re-
examine the basic safety investment model and some related ex-
tended versions of this model, when allowing for imprecise proba-
bilities. The search for an optimal investment x then becomes a
robust optimization problem, and we can apply theory and meth-
ods from this area to solve it. This we will do in Section 3 after a
brief presentation of the basic investment model with extensions.
Section 4 discusses the results as well as the total set-up and ap-
proach taken to deal with this type of problem, and the final Sec-
tion 5 provides some conclusions. The robust optimization field
is rather technical, and, to avoid too many details, the examples
introduced in Section 3 are rather simple. However, for the purpose
of the present paper – which highlights the main ideas – the exam-
ples are considered sufficiently informative. Through the examples
we are able to conclude on the suitability of the robust optimiza-
tion methods, and compare this approach with others, in particular
one using a sensitivity analysis showing the optimal investment
levels for various parameter values, followed by qualitative analy-
ses providing arguments supporting the different parameter val-
ues. Extending the models beyond the model set-up defined in
Section 3 would not have given us notable new insights on these
issues, nor allowed us to present all analytical steps of the analysis.
It is a main goal of the present paper to show the safety community
what the robust optimization theory and methods can in fact do. It
is thus essential that the reader is able to follow each step of the
methods. From the set-up and the examples, the analysts get a
foundation for the proper formulation of their problems, and a ba-
sis for selecting a suitable analysis approach. These issues are high-
lighted in this paper, not the technicalities linked to various
extensions of the basic model. The examples we are using are de-
tailed enough to demonstrate the points we would like to make
concerning the suitability of the robust optimization methods in
the case studied.

2. The basic investment model with extensions

In this section we summarise the key features of the basic safety
investment model, with some extensions and clarifications.

Let I(B) be the indicator function which is equal to 1 if the argu-
ment is true and 0 otherwise; i.e., it is 1 if the event B occurs and
zero otherwise. The model expresses that the costs C for the time
period considered can be written

C ¼ xþ IðAÞL;

where as above x is the investment level, A is the accident event and
L is the loss given the occurrence of A. The model is easily extended
to the accident events A1,A2, . . . ,An by the formula

C ¼ xþ
X

i

IðAiÞLi; ð2:1Þ

where Li is the loss in the case that the accident event Ai occurs. For
an oil and gas production unit offshore typical such events are gas
leakages, well kicks (loss of well control), vessel on collision course,
and structural damage. For some of these events, a set of sub-events
is defined, for example leakages of different sizes.

Let pi(x) denote the probability of the accident event Ai given the
investment x. The probability p(x) is a subjective probability under-
stood as explained in the previous section.

It follows from formula (2.1) that the expected cost f(x) defined
by f(x) = E[C|x] can be written as:

f ðxÞ ¼ xþ
X

i

piðxÞE½Li�; ð2:2Þ

where E[Li] refers to the expected loss (with respect to the subjec-
tive probability distribution of Li) given the occurrence of the acci-
dent event Ai. Assuming that the probability pi(x) is differentiable
with a derivative p0iðxÞ < 0, the optimal investment level x must
satisfy:

1 ¼ �
X

i

p0iðxÞE½Li�:

This equality is the usual equalization between marginal costs and
marginal benefits associated with the investment in prevention.
This condition can be interpreted as follows: starting from zero,
prevention is increased up to the point where the cost of an addi-
tional unit (here the first term equal to 1) is just equal to the ex-
pected losses avoided (here �

P
ip
0
iðxÞE½Li�), obtained through a

reduction in the probability of occurrence).
To adjust the model to include the case where the investment

also allows for reductions of the expected losses, let E[Li|x] denote
the expected loss given an investment x. The optimization function
then becomes

f ðxÞ ¼ xþ
X

i

piðxÞE½Lijx�; ð2:3Þ

and, assuming that E[Li|x] is also a smooth function of x, the optimal
level of investment x can be determined as above. It is then charac-
terized by the condition 1 ¼ �

P
ip
0
iðxÞE½Lijx� �

P
piðxÞðE½Lijx�Þ0,

where the new term takes into account the fact that safety mea-
sures can also influence the expected size of losses.

This model can be extended by allowing for different invest-
ments for the various accident events. More money could, for
example, be used on leakages compared to ship collisions. In this
case, the total expected cost f becomes a function of the vector of
event investment 1,2, . . . ,n. To avoid too many technicalities, we
focus on the one-variable case of f(x), where f is defined by
x + p(x)E[L] or x +

P
i pi(x)E[Li|x].

The assigned probabilities and the expected values depend on
the assessor. As a basis for the assignment of p(x), the analysts need
to perform a risk analysis, and for a given investment level we seek
the risk-reducing measure that gives the lowest accident probabil-
ity. Similarly, using risk assessment, the expected loss given that an
accident event has occurred, E[L|x], is determined. The situation
could be quite complex when the losses relate not only to
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