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a b s t r a c t

This paper presents a fast algorithm called Column Generation Newton (CGN) for kernel 1-norm support
vector machines (SVMs). CGN combines the Column Generation (CG) algorithm and the Newton Linear
Programming SVM (NLPSVM) method. NLPSVM was proposed for solving 1-norm SVM, and CG is fre-
quently used in large-scale integer and linear programming algorithms. In each iteration of the kernel
1-norm SVM, NLPSVM has a time complexity of O(‘3), where ‘ is the sample number, and CG has a time
complexity between O(‘3) and O(n

03), where n0 is the number of columns of the coefficient matrix in the
subproblem. CGN uses CG to generate a sequence of subproblems containing only active constraints and
then NLPSVM to solve each subproblem. Since the subproblem in each iteration only consists of n0

unbound constraints, CGN thus has a time complexity of O(n
03), which is smaller than that of NLPSVM

and CG. Also, CGN is faster than CG when the solution to 1-norm SVM is sparse. A theorem is given to
show a finite step convergence of CGN. Experimental results on the Ringnorm and UCI data sets demon-
strate the efficiency of CGN to solve the kernel 1-norm SVM.

� 2013 Elsevier B.V. All rights reserved.

1. Introduction

In recent years, 1-norm Support Vector Machine (SVM) has at-
tracted substantial attentions for its good sparsity [1–4]. 1-Norm
SVM uses 1-norm regularization to replace 2-norm regularization
in the standard SVM and approaches a more sparse model repre-
sentation [5–9]. In fact, the optimization problem of 1-norm SVM
is a linear program. Many methods have been proposed for solving
1-norm SVM. But, none of them is efficient enough for solving the
kernel 1-norm SVM.

Since 1-norm SVM can be posed as a linear program, it can be
solved by general mathematical programming methods, such as
the simplex method and the interior-point method. However,
these optimization methods are usually time consuming for prob-
lems in which the sample dimensionality is much less than the
number of training samples.

Some specific algorithms have proposed for solving the linear
program of 1-norm SVM. Fung et al. [10] presented the Newton
Linear Programming SVM (NLPSVM) method to solve 1-norm
SVM by minimizing the exterior penalty function for the dual
problem of 1-norm SVM. In NLPSVM, each iteration has a time
complexity of O(min(m,n)3) when applying the Sherman–Morri-
son–Woodbury identity equation [10], where m and n are the
number of rows and columns of the sample matrix or the kernel
gram matrix, respectively. It is quite efficient when NLPSVM is

used to solve the linear 1-norm SVM. But in the case of using ker-
nel functions, m could be equal to n, which implies that NLPSVM
is still time consuming when solving the kernel 1-norm SVM.
Demiriz et al. [11] introduced CG to the linear programming
boosting, which can also be applied to solve 1-norm SVM by a
simple generalization. In CG, the time complexity of each itera-
tion is usually between O(m3) and O(n3) when using the simplex
method [12] to directly solve the subproblem, where m and n are
the number of rows and columns of the active constraint coeffi-
cient matrix in the subproblem for each iteration, respectively.
More specifically, for 1-norm SVM, the complexity of the last iter-
ation of CG is cubic of the SV number. In the standard SVM, the
idea of CG is widely applied to speed up the optimization of qua-
dratic programming [13–16].

In order to obtain a fast algorithm for the kernel 1-norm SVM,
we propose a Column Generation Newton (CGN) method. This
method is a combination of CG and NLPSVM. For the kernel 1-norm
SVM, the coefficient matrix is a matrix with ‘ rows and ‘ columns,
where ‘ is the sample number. Thus, NLPSVM would have a time
complexity of O(‘3). Let n0 be the number of active constraints.
Then CG thus has a time complexity between O(‘3) and O(n

03).
In CGN, CG is used to construct a sequence of subproblems

containing only active constraints, and NLPSVM is exploited to
solve each subproblem. This means that CGN has a time complex-
ity of O(n

03) in each intermediate iteration and a time complexity
which is cubic of the number of ESVs in the last iteration. Since
the complexity of CGN is much smaller than that of NLPSVM, it
is expected that CGN is faster than NLPSVM when applied to the
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kernel case. Furthermore, CGN is faster than CG when the number
of ESVs is smaller than that of SVs. As pointed out in [9], SVs is usu-
ally a small part of training samples and ESVs is only a small subset
of SVs.

The rest of the paper is organized as follows. Section 2 gives a
brief review of 1-norm SVM, the NLPSVM method, and the CG
method. Section 3 presents the CGN algorithm for 1-norm SVM
and some schemes to speed up CGN. Experimental results on the
Ringnorm and UCI data sets are presented in Section 4. Section 5
concludes the paper.

2. Related work

Other than CG and NLPSVM, several other algorithms exist for
1-norm SVM. Similar to CG and NLPSVM, these methods also have
high computational complexity for the kernel 1-norm SVM. In [17],
three decomposition techniques for LP of 1-norm SVMs were pro-
posed. Bradley et al. [18] proposed the Linear Programming Chunk-
ing (LPChunking) algorithm to solve the linear 1-norm SVM.
LPChunking can be viewed as a block column generation method.
In [19], a general technique was proposed for generalizing almost
all available 2-norm SVM algorithms to the corresponding soft ver-
sion by using 1-norm regularization. The soft 1-norm SVMs con-
structed by the proposed technique have the same convergence
and an almost identically computational cost to that of the corre-
sponding hard ones. Below, a brief review on 1-norm SVM, the
NLPSVM method, and the CG method is given.

2.1. 1-Norm SVM

Consider a training sample set of two classes X = {(x1,y1),
(x2,y2), . . . , (x‘,y‘)}, where xi 2 Rd; yi 2 f�1;þ1g is the correspond-
ing label for xi, d is the dimensionality of samples, and ‘ is the
number of training samples. Although different LP forms exist for
1-norm SVM, they can be shown as equivalent when parameters
are appropriately selected. Here, we use the LP formulation pro-
posed in [9], which is a variant of the LP form presented in [10].
In [9], the primal problem of 1-norm SVM is described as:

min
aþ ;a� ;bþ ;b� ;c

Xd

j¼1

aþj þa�j
� �

þrðbþ þb�ÞþC
X‘
i¼1

ci

s:t: yi xT
i aþ �a�ð Þþðbþ�b�Þ

� �
P 1�ci

aþj ; a
�
j P 0; j¼1; . . . ;d; bþ; b�P 0; ci P 0; i¼1; . . . ;‘

ð1Þ

where C is a positive penalty factor, r is a small positive constant to

ensure a unique solution, aþ ¼ aþ1 ; . . . ;aþd
� �T , a� ¼ a�1 ; . . . ;a�d

� �T ,
bþ 2 R and b� 2 R are model coefficients for 1-norm SVM, and

c ¼ ½c1; . . . ; c‘�
T 2 R‘ is a loss vector. The decision function of 1-norm

SVM for classification takes the form:

f ðxÞ ¼ sign ððaþ � a�ÞT xþ ðbþ � b�ÞÞ ð2Þ

where x 2 Rd is a sample and sign(�) is a sign function. It has been
showed that most of entries in both a+ and a� take zeros for the
sparsity of 1-norm SVM.

Rewrite (1) in its matrix form, we have

min
u

cT u

s:t: Au P b
u P 0

ð3Þ

where c = [1T,1T,r,r,C1T]T, the variable vector u = [a+T,a�T,b+,b�,
cT]T, b = 1, the constraint coefficient matrix A ¼ ½DyX;�DyX;
y;�y; I�; X 2 R‘�d is the sample matrix in which each row vector

is a training sample, y = [y1,y2, . . . ,y‘]T, Dy is the diagonal matrix
with the diagonal line of y, and 1 and I are the column vector of
all ones and the identity matrix with proper sizes, respectively.
The dual problem of (7) can be expressed as follows:

max
v

bTv

s:t: ATv 6 c
v P 0

ð4Þ

In order to generalize the linear 1-norm SVM to the nonlinear 1-
norm SVM, a group of nonlinear mapping functions /j(x), j = 1, . . . ,
D are introduced to map the sample x into a feature space:
x ? U(x) = [/1(x),/2(x), . . . , /D(x)]T. Currently the most popular
mapping functions are still the Mercer kernel functions [20,21],

UðxÞ ¼ ½kðx1;xÞ; kðx2; xÞ; . . . ; kðx‘;xÞ�T

where k(xi,x) is a Mercer kernel function, such as the Radial Basis

Function (RBF) kernel kðxi;xÞ ¼ exp �kxi � xk2
2=2p2

� �
with p being

the RBF kernel parameter. Therefore, the nonlinear 1-norm SVM is
often referred to as the kernel 1-norm SVM. The linear program-
ming of the kernel 1-norm SVM has the same form as that of the lin-
ear 1-norm SVM except that the sample matrix X is replaced by the
kernel Gram matrix K 2 R‘�‘ in the constraint coefficient matrix A,
i.e. A = [DyK,�DyK,y,�y, I], where Kij = k(xi,xj). To unify the expres-
sion of A, we let A = [As,�As,y,�y, I], where As = DyX in the case of
the linear 1-norm SVM and As = DyK in the case of the kernel 1-
norm SVM.

Now we give some notations borrowed from [9], which are
important to analyze the complexity of the algorithms of CG and
NLPSVM. Assume that 1-norm SVM (7) has an optimal solution
u⁄, the set of Exact Support Vectors (ESVs) is defined as ESV = {xijyi-

f(xi) = 1, i = 1, . . . , ‘}, the set of Saturated Support Vectors (SSVs) is
defined as SSV = {xijyif(xi) < 1, i = 1, . . . , ‘}, the set of Non-Support
Vectors (NSVs) is defined as NSV = {xijyif(xi) > 1, i = 1, . . . , ‘}, and
the set of Support Vectors (SVs) is thus the union of ESVs and SSVs:
i.e., SV = ESV [ SSV.

The following theorem is about the sparsity of 1-norm SVM [9],
which indicates that 1-norm SVM has a better sparsity than the
standard SVM and motivates our CGN method.

Theorem 1. Let u⁄ be an optimal solution of the primal problem (7).
The number of nonzero coefficients for 1-norm SVM is upper bounded
by

jNCj 6 jESV j;

where NC ¼ a�j ja�j ¼ aþ�j � a��j – 0; j ¼ 1; . . . ;dðorDÞ
n o

. If the LP of 1-

norm SVM is non-degenerate with respect to u⁄, the following equality

jNCj ¼ jESV j � 1

holds.

In the standard SVM, the number of nonzero coefficients equals
to the number of SVs. The SSVs set is usually nonempty, especially
in some difficult recognition problems which have much more
SSVs than ESVs. Accordingly, 1-norm SVM usually has a better
sparsity than the standard SVM. By the Complementary Slackness
Theorem [12] and Theorem 1, it is straightforward that there are at
least jESVj active constraints among AT

s v 6 1 and �AT
s v 6 1 in the

dual problem (4).

2.2. NLPSVM

In NLPSVM [10,22], the dual problem of 1-norm SVM can be
transformed into a convex unconstrained optimization problem
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