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a  b  s  t  r  a  c  t

We  propose  in  this  paper  two  new  competitive  unsupervised  clustering  algorithms:  the  first  algorithm
deals  with  ultrametric  data,  it has  a computational  cost  of O(n).  The  second  algorithm  has  two  strong
features:  it  is  fast  and  flexible  on the processed  data  type  as  well  as  in terms  of precision.  The  second
algorithm  has  a  computational  cost,  in  the worst  case,  of  O(n2), and  in  the  average  case,  of  O(n). These
complexities  are  due to  exploitation  of  ultrametric  distance  properties.  In  the first  method,  we use  the
order  induced  by an ultrametric  in a given  space  to demonstrate  how  we can  explore  quickly  data  prox-
imity.  In  the  second  method,  we create  an  ultrametric  space  from  a sample  data,  chosen  uniformly  at
random,  in  order  to obtain  a  global  view  of  proximities  in the  data  set according  to  the  similarity  criterion.
Then,  we  use  this  proximity  profile  to cluster  the global  set.  We  present  an  example  of  our  algorithms
and  compare  their results  with  those  of a classic  clustering  method.

Crown  Copyright  © 2012  Published  by Elsevier  B.V.  All  rights  reserved.

1. Introduction

The clustering is useful process which aims to divide a set
of elements into a set of finite number of groups. These groups
are organized such as the similarity between elements in a same
group is maximal, while similarity between elements from differ-
ent groups is minimal [15,17].

There are several approaches of clustering, hierarchical, parti-
tioning, density-based, which are used in a large variety of fields,
such as astronomy, physics, medicine, biology, archaeology, geol-
ogy, geography, psychology, and marketing [24].

The clustering aims to group objects of a data set into a set of
meaningful subclasses, so it can be used as a stand-alone tool to get
insight into the distribution of data [1,24].

The clustering of high-dimensional data is an open problem
encountered by clustering algorithms in different areas [31]. Since
the computational cost increases with the size of data set, the fea-
sibility can not be fully guaranteed.

We suggest in this paper two novel unsupervised clustering
algorithms: The first is devoted to the ultrametric data. It aims to
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show rapidly the inner closeness in the data set by providing a gen-
eral view of proximities between elements. It has a computational
cost of O(n). Thus, it guarantees the clustering of high-dimensional
data in ultrametric spaces. It can, also, be used as a preprocessing
algorithm to get a rapid idea on behavior of data with the similarity
measure used.

The second method is general, it is applicable for all kinds of
data, it uses a metric measure of proximity. This algorithm provides
rapidly the proximity view between elements in a data set with the
desired accuracy. It is based on a sampling approach (see details in
[1,15]) and ultrametric spaces (see details in [20,23,25]).

The computational complexity of the second method is in the
worst case, which is rare, of O(n2) + O(m2), where n is the size of data
and m the size of the sample. The cost in the average case, which is
frequent, is equal to O(n) + O(m2). In both cases m is insignificant,
we give proofs of these complexities in Proposition 9. Therefore,
we use O(n2) + ε and O(n) + ε to represent respectively the two com-
plexities.

This algorithm guarantees the clustering of high-dimensional
data set with the desired precision by giving more flexibility to the
user.

Our approaches are based in particular on properties of ultra-
metric spaces. The ultrametric spaces are ordered spaces such that
data from a same cluster are “equidistant” to those of another
one (e.g. in genealogy: two  species belonging to the same fam-
ily, “brothers”, are at the same distance from species from another
family, “cousins”) [8,9].

We utilize ultrametric properties in the first algorithm to clus-
ter data without calculating all mutual similarities. The structure
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Fig. 1. Steps of clustering process.

induced by ultrametric distance allows us to get a general infor-
mation about proximity between all elements from just one data,
consequently we reduce the computational cost. We  can find ultra-
metric spaces in many kinds of data sets such as: phylogeny where
the distance of evolution is constant [16], genealogy, library, infor-
mation and social sciences . . . to name a few.

In the second algorithm, we use ultrametric to acquire a first
insight of the proximity between elements in just a sample data
w.r.t. the similarity used. Once this view obtained, we  expand it to
cluster the whole data set.

The rest of the text is organized as follows. In Section 2, we
present a brief overview of the clustering strategies. In Section 3,
we introduce the notions of metric and ultra-metric spaces, dis-
tance and balls. Our first algorithm is presented in Section 4. We
present an example of this first algorithm in Section 5. The second
algorithm is introduced in Section 6. In Section 7, we present an
example of the second algorithm and we compare our results with
those of a classic clustering algorithm. Finally, in Section 8 we give
our conclusion and future work.

2. Related work

The term “clustering” is used in several research communities
to describe methods for grouping of unlabeled data. The typical
pattern of this process can be summarized by the three steps of
Fig. 1 [21].

Feature selection and extraction are preprocessing techniques
which can be used, either or both, to obtain an appropriate set of
features to use in clustering. Pattern proximity is calculated by sim-
ilarity measure defined on data set between a pairs of objects. This
proximity measure is fundamental to the clustering, the calcula-
tions of mutual measures between element are essential to most
clustering procedures. The grouping step can be carried in different
way, the most known strategies are defined bellow [21].

Hierarchical clustering is either agglomerative (“bottom-up”)
or divisive (“top-down”). The agglomerative approach starts with
each element as a cluster and merges them successively until
forming a unique cluster (i.e. the whole set) (e.g. WPGMA [9,10],
UPGMA [14]). The divisive begins with the whole set and divides
it iteratively until it reaches the elementary data. The outcome of
hierarchical clustering is generally a dendrogram which is diffi-
cult to interpret when the data set size exceeds a few hundred of
elements. The complexity of these clustering algorithms is at least
O(n2) [28].

Partitional clustering creates clusters by dividing the whole set
into k subsets. It can also be used as divisive algorithm in hierar-
chical clustering. Among the typical partitional algorithms we can
name K-means [5,6,17] and its variants K-medoids, PAM, CLARA
and CLARANS. The results depend on the k selected data in this kind
of algorithms. Since the number of clusters is defined upstream of
the clustering, the clusters can be empty.

Density-based clustering is a process where the clusters are
regarded as a dense regions leading to the elimination of the noise.
DBSCAN, OPTICS and DENCLUE are typical algorithms based on this
strategy [1,4,7,18,24].

Since, the major clustering algorithms calculate similarities
between all data prior to the grouping phase (for all types of simi-
larity measure used), the computational complexity is increased to
O(n2) before the execution of the clustering algorithm.

Our first approach deals with ultrametric spaces,  we  propose the
first – as our best knowledge – unsupervised clustering algorithm
on this kind of data without calculating similarities between all
pairs of data. So, we reduce the computational cost of the process
from O(n2) to O(n). We  give proofs that; since the data processed are
described with an ultrametric distance we  do not need to calculate
all mutual distances to obtain information about proximity in the
data set (cf . Section 4).

Our second approach is a new flexible and fast unsuper-
vised clustering algorithm which costs mostly O(n) + ε and seldom
O(n2) + ε (in rare worst case), where n is the size of data set and � is
equal to O(m2) where m is the size of an insignificant part (sample)
of the global set.

Even if the size of data increases, the complexity of the second
proposed algorithm, the amortized complexity [30,32,34], remains
of O(n) + ε in the average case, and of O(n2) + ε in the worst case,
thus it can process dynamic data such as those of Web  and social
network with the same features.

The two approaches can provide overlapped clusters, where one
element can belong to more than one or more than two clusters
(more general than weak-hierarchy), see [2,4,7] for detailed defi-
nitions about overlapping clustering.

3. Definitions

Definition 1. A metric space is a set endowed with distance
between its elements. It is a particular case of a topological space.

Definition 2. We  call a distance on a given set E, an application d:
E × E → R

+ which has the following properties for all x, y, z ∈ E:

1 (Symmetry) d(x, y) = d(y, x),
2 (Positive definiteness) d(x, y) � 0, and d(x, y) = 0 if and only if x = y,
3 (Triangle inequality) d(x, z) � d(x, y) + d(y, z).

Example 1. The most familiar metric space is the Euclidean
space of dimension n, which we  will denote by R

n, with the
standard formula for the distance: d((x1, . . .,  xn), (y1, . . .,  yn)) =
((x1 − y1)2 + · · · + (xn − yn)2)1/2 (1).

Definition 3. Let (E, d) be a metric space. If the metric d satisfies
the strong triangle inequality:

∀x, y, z ∈ E, d(x, y) � max{d(x, z), d(z, y)}
then it is called ultrametric on E [19]. The couple (E, d) is an ultra-
metric space [11,12,29].

Definition 4. We  name open ball centered on a ∈ E and has a radius
r ∈ R

+ the set {x ∈ E : d(x, a) < r} ⊂ E, it is called Br(a) or B(a, r).

Definition 5. We  name closed ball centered on a ∈ E and has a
radius r ∈ R

+ the set {x ∈ E : d(x, a) � r} ⊂ E, it is called Bf(a, r).

Remark 1. Let d be an ultrametric on E. The closed ball on a ∈ E
with a radius r > 0 is the set: B(a, r)={x ∈ E : d(x, a) � r}
Proposition 1. Let d be an ultrametric on E, the following properties
are true [11]:

1 If a, b ∈ E, r > 0, and b ∈ B(a, r), then B(a, r) = B(b, r),
2 If a, b ∈ E, 0 < i � r, then either B(a, r) ∩ B(b, i) = ∅ or B(b, i) ⊆ B(a, r).

This is not true for every metric space,
3 Every ball is clopen (closed and open) in the topology defined by d

(i.e. every ultrametrizable topology is zero-dimensional). Thus, the
parts are disconnected in this topology.

Hence, the space defined by d is homeomorphic to a subspace of
countable product of discrete spaces (c . f Remark 1) (see the proof
in [11]).
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