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a b s t r a c t

We have developed a fast algorithm for computing certain entries of the inverse of a sparse
matrix. Such computations are critical to many applications, such as the calculation of non-
equilibrium Green’s functions Gr and G< for nano-devices. The FIND (Fast Inverse using
Nested Dissection) algorithm is optimal in the big-O sense. However, in practice, FIND suf-
fers from two problems due to the width-2 separators used by its partitioning scheme. One
problem is the presence of a large constant factor in the computational cost of FIND. The
other problem is that the partitioning scheme used by FIND is incompatible with most
existing partitioning methods and libraries for nested dissection, which all use width-1
separators. Our new algorithm resolves these problems by thoroughly decomposing the
computation process such that width-1 separators can be used, resulting in a significant
speedup over FIND for realistic devices — up to twelve-fold in simulation. The new algo-
rithm also has the added advantage that desired off-diagonal entries can be computed
for free. Consequently, our algorithm is faster than the current state-of-the-art recursive
methods for meshes of any size. Furthermore, the framework used in the analysis of our
algorithm is the first attempt to explicitly apply the widely-used relationship between
mesh nodes and matrix computations to the problem of multiple eliminations with reuse
of intermediate results. This framework makes our algorithm easier to generalize, and also
easier to compare against other methods related to elimination trees. Finally, our accuracy
analysis shows that the algorithms that require back-substitution are subject to significant
extra round-off errors, which become extremely large even for some well-conditioned
matrices or matrices with only moderately large condition numbers. When compared to
these back-substitution algorithms, our algorithm is generally a few orders of magnitude
more accurate, and our produced round-off errors stay at a reasonable level.

� 2013 Elsevier Inc. All rights reserved.

1. Introduction

The Non-Equilibrium Green’s Function (NEGF) approach is currently being considered as a state-of-the-art modeling tool
in the design and performance analysis of emerging nanoscale devices. Development of multi-dimensional simulators based
on the NEGF approach is crucial for capturing both quantum mechanical effects as well as the effect of scattering with pho-
nons and other electrons.
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Despite the fact that the transport issues for nano-transistors, nanowires, and molecular electronic devices are very dif-
ferent from one another, these issues can all be treated with the common formalism provided by the NEGF approach, which
treats the devices as 2D [1]. The NEGF approach is based on the consistent solution to the coupled Schrödinger and Poisson
equations. The most time-consuming aspect of this approach in a typical simulation is the repeated solving of the following
Schrödinger equation for the density of states and electron density:

½Ĥ þ UðrÞ � E�WðrÞ ¼ 0 ð1Þ

Here E is a constant, U is a real function of r, and Ĥ is the Hamiltonian operator. Solving of Eq. (1) continues until consistency
between the Schrödinger and Poisson equations is achieved.

Typically, Eq. (1) is solved numerically by reducing it to a matrix computation problem after discretization. In this paper,
we will focus on a discretization scheme for Ĥ on a 2D Cartesian grid with a 5-point stencil finite difference scheme. How-
ever, both the existing algorithms and our algorithm can be extended to more general schemes, including finite elements and
arbitrary stencils with local connectivity on 3D devices. Fig. 1(a) illustrates a mesh of size Nx � Ny for a nanodevice. Fig. 1(b)
shows the corresponding matrix using a 5-point stencil finite difference scheme.

After discretization, solving Eq. (1) is reduced to computing the diagonal entries of the retarded Green’s function
GrðEÞ , A�1 and G<ðEÞ , A�1R<A�y in matrix form, where R and R< correspond to the self-energy in the physical problem
and are considered given, and A , EI�H� R.

Several algorithms exist for computing Gr and G< using direct methods [2–5]. Among them, the FIND (Fast Inverse using
Nested Dissection) algorithm has the lowest asymptotic runtime for 2D problems. However, this runtime includes a large
constant factor due to FIND’s usage of width-2 separators, which are natural to achieve independence between subproblems.
This large constant factor makes FIND less competitive for 2D problems of medium size.

To address this problem, in this work we present a new algorithm called FIND-SS that makes the usage of width-1 sep-
arators [6–9] possible by relaxing the independence required by FIND. This relaxation of independence is not straightfor-
ward, and is achieved through further decomposition of the elimination process, and full utilization of independence
between subproblems. Using width-1 separators not only reduces computational costs, but also makes FIND-SS compatible

List of Main Notations

Nx;Ny Size of the mesh from the discretization of 2D device. p. 2
A;R Two given matrices of the same sparsity pattern. A is the sparse matrix from the discretization of the de-

vice. R is the matrix associated with the self energy. p. 2
Gr ;G< Gr ¼ A�1 and G< ¼ A�1RA�y are two Green’s function matrices we want to compute. p. 2
M The set of all the nodes in the mesh. p. 10
C;D;Cg ;Dg Cg is the set of mesh nodes after partitioning M by divider set Dg . p. 29
P;Pg Peripheral sets. Pg includes the neighbors of Cg with two corner nodes added. p. 10
S;Sg Separator sets. Sg separates cluster Cg . They are generalization of the divider sets. p. 10
Lk;Rk The parts of Pk from its left child and right child, respectively. Pk ¼ Lk ] Rk. Here ] is to emphasize the dis-

jointness: Lk \ Rk ¼ ;. p. 11
negative sets C;S;P; L, and R with negative indices are also defined. p. 12
T0; T

þ
r All positive clusters Cg are organized as a basic (binary) cluster tree T0. For every target cluster Cr , there is

a partitioning of M into positive clusters and negative clusters, which are organized as an augmented tree
Tþr . The root of T0 is C1 ¼ M; the root of Tþr is C�r . pp. 5, 10, 12

�; k Partial order relations, equivalent to tree structure. Sg � Sk (or g � k for short) if and only if Cg is a descen-
dant of Ck in Tþr . SgkSk or gkk if they are incomparable. p. 15

< Total order relation, equivalent to an order of elimination. Sg < Sk if and only if the columns corresponding
to Sg appear before columns corresponding to Sk in an ordering of A, i.e., Sg columns are eliminated before
Sk. p. 15

L;U The LU factors of the sparse matrix A ¼ LU. p. 4
Lg The LU factorization of A is decomposed into multiple partial factorizations: L ¼

Q
gLg ; L�1

g eliminates Sg

columns. The order of multiplications is associated with the order of elimination. p. 16
AðrÞ A after a reordering such that all columns corresponding to some separator set Sg stay together. The total

order among Sg given by AðrÞ is a linear extension of the partial order among Sg given by Tþr . p. 15
AðrÞk ;AðrÞkþ Intermediate results in the process of elimination on AðrÞ. All the columns before Sk have been eliminated

in AðrÞk ¼
Q

Sg<Sk
Lg

� ��1
AðrÞk . In addition to these columns, the Sk columns are also eliminated in

AðrÞkþ ¼ L�1
k AðrÞk . p. 16

A
�

k Intermediate results in the elimination process on A with an ordering given by a subtree of some aug-
mented tree; the root of the subtree is Ck. p. 16

Mk;Vk Multiplication part of each step of elimination and their sums. Mk ¼ A
�

kþ � A
�

k. Vk ¼
P

g^kMg . pp. 17, 18

Mk;Lk Non-zero submatrices of Mk and Lk. Mk ¼MkðPk;PkÞ; Lk ¼ A
�

kðPk; SkÞA
�

kðSk; SkÞ�1. pp. 17, 20
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