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a b s t r a c t

In this paper, a model-free optimal control scheme for a class of linear discrete-time systems with
multiple delays in state, control and output vectors is proposed. The optimal control can be obtained
using only measured input/output data from systems, by adaptive dynamic programming (ADP)
technology. First, we give a class of systems what we want to address. Then, a model-free optimal
control is designed to minimize the given cost functional by ADP technology, which combines a similar
Q-learning method with a value iteration (VI) algorithm, using only the measured input/output data.
Finally, several numerical examples are given to illustrate the effectiveness of our approach.

& 2014 Elsevier B.V. All rights reserved.

1. Introduction

Since systems with time delay phenomena are ubiquity in
various research fields, such as biology, chemistry, economics,
mechanics, electrical, physics, as well as engineering sciences
[1–4], the optimal control problem is discussed as a key topic for
time-delay problems in [5–7] over the past several decades. In
fact, the optimal control for time-delay systems is an infinite-
dimensional control problem [8], which is hard to be solved.
However, because adaptive (approximate) dynamic programming
is a powerful tool for solving optimal control problems [9–11], the
optimal control based on ADP attracts considerably attention of
researchers.

In recent years, the ADP is used to design the optimal control
for control systems [12–18,20,32–34]. The optimal control pro-
blem for continuous-time systems is studied in [12–15,17,20,
32,34]. While Refs. [16,18,33] design the optimal control for
discrete-time systems. However, to the best of our knowledge,
the optimal control results based on ADP for time-delay systems
are rare. There exist only some relevant results, such as [19,21,22].
An optimal control scheme for nonlinear systems with delays is
proposed by using a new iterative ADP algorithm in [21]. In [19], a
new iterative heuristic dynamic programming (HDP) algorithm is

proposed to solve the optimal control problem for a class of
nonlinear discrete time-delay systems with saturating actuators.
The local and global optimization searching processes are devel-
oped to solve the optimal control problem in the iterative HDP
algorithm. Later, Ref. [22] designs the optimal control for tracking
control systems by a novel HDP iteration algorithmwhich contains
state updating, control policy iteration and performance index
iteration. However, most of the above results design the optimal
control for time-delay systems with known knowledge of systems.

Although ADP algorithms, which are used to obtain the optimal
control for time-delay systems, have made some progress, how to
design the model-free optimal control for time-delay systems is
still an open problem. For a simple case without delays, Lewis has
made a contribution [23] to the model-free optimal control design,
but few researches focus on designing the model-free optimal
control for systems with multiple time delays. Therefore, a control
we present by the method in [23] is used to drive the time-delay
systems, rather than the systems without delays. Namely, we
design the optimal control for the equivalent systems by the
method in [23], then drive the original systems using it. However,
the system must satisfy the certain conditions. Although the
systems we address are not general, it has been a progress for
designing the model-free optimal control for time-delay systems
in the ADP field. The other contribution is that we find a class of
systems with delays, which can be drove by an optimal control
without delays.

In this paper, we not only expand the necessary and sufficient
conditions in [24] to linear discrete-time systems with multiple
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delays by using the bicausal change of coordinates method [25],
but also design the model-free optimal control for systems with
multiple delays by using the design approach of state estimator
based on measured input/output data in [26,27].

The following several factors motivate our research on the
model-free optimal control for systems with multiple delays: first,
since the system model is usually unknown, the model-based
optimal control is not available in practical situations. Therefore,
the optimal control which is not dependent on the knowledge of
the systems is very useful in practice. This point motivates our
research on the model-free optimal control based on ADP for
systems with multiple delays. Second, the model-free optimal
control design based on ADP for time-delay is an open problem.
There are not relevant results at present, while our work deals
with the optimal control problem for systems with multiple delays
for the first time. Finally, seeking a model-free optimal control for
systems with delays is a problem that it is difficult to be solved,
because the form of optimal cost functional for systems with
multiply time delays in state, input and output vectors cannot be
predicted as linear systems. It also motivates our interest.

Here, the model-free optimal control for a class of systems with
multiple delays is successfully designed by ADP technology, using
the measured input/output data from systems.

This paper is organized as follows. Section 3 gives a class of
systems what we want to address. In Section 4, a model-free
optimal control for systems with multiple delays is designed by
ADP technology, using the measured input-output data. Finally,
several numerical examples are given to illustrate the effectiveness
of our approach.

Note: In this paper, we use Q40 (Qo0, QZ0, Qr0) to denote
the Q matrix as positive (negative, positive semidefiniteness and
negative semidefiniteness).

2. System description and preliminaries

2.1. Problem description

Now, we concentrate our attention on linear discrete-time
systems with multiple delays in state, input and output vectors.
The system model is given by

xðkþ1Þ ¼ ∑
τa

i ¼ 0
Aixðk� iÞþ ∑

τb

j ¼ 0
Bjuðk� jÞ ð1aÞ

yðkÞ ¼ ∑
τc

h ¼ 0
Chxðk�hÞ ð1bÞ

where the state xðkÞARn, the input uðkÞARm and the measure-
ment output vector yðkÞARq; AiARn�nði¼ 0;…; τaÞ; BjARn�m

ðj¼ 0;…; τbÞ and ChARq�nðh¼ 0;…; τcÞ, τa; τb and τcAIN.

Assumption 1. The system (1) is controllable and observable.

Problem 1. The control object is how to find a control u(k) to
minimize the following cost functional subject to the system (1):

JðxðkÞÞ ¼ ∑
1

i ¼ k
ℓðxðiÞ;uðiÞÞ; ð2Þ

ℓðxðiÞ;uðiÞÞ ¼ yðiÞTQyðiÞþuðiÞTRuðiÞ is a utility function, where Q and
R are constant weight matrices such that Q ¼QT 40 and
R¼ RT 40.

2.2. Preliminaries

We define ∇ as the delay operator, i.e., ∇ixðkÞ ¼ xðk� iÞ, with
iAIN. Let R½∇� be the ring of polynomials in ∇ with coefficients

in R. Polynomial matrices with ∇ may be written as

M½∇� ¼M0þM1∇þ⋯þMra∇
ra ;

where Miði¼ 0;…; raÞ are constant matrices, raAIN. The addition
and the multiplication are defined as usual

M½∇�þN½∇� ¼ ∑
sup½rM ;rN �

i ¼ 0
ðMiþNiÞ∇i;

M½∇�N½∇� ¼N½∇�M½∇� ¼ ∑
rM

i ¼ 0
∑
rN

j ¼ 0
MiNj∇iþ j

Definition 1 (Unimodular matrix). A polynomial matrix AAR

½∇�n�n is said to be unimodular if it has a polynomial inverse on
the same ring.

Definition 2 (Smith invariant factors [24]). Every m�n matrix
polynomial PðλÞ of rank r is equivalent to the matrix

SðλÞ : PðλÞ ¼U1ðλÞSðλÞU2ðλÞ
with

SðλÞ ¼ ΔðλÞ 0
0 0

" #
;

ΔðλÞ ¼ diag½d1ðλÞ;…; drðλÞ� such that diðλÞ is divisible by di�1ðλÞ for
i¼ 2;…; r for some unimodular matrices U1ðλÞ and U2ðλÞ. The
matrix polynomial SðλÞ is called the Smith form of PðλÞ and the
diagonal elements diðλÞ are the invariant factors.

Definition 3 (Change of coordinates [25]). Considering the time-
delay system (1), with state coordinates x(k), then

zðkÞ ¼ T½∇�xðkÞ with T½∇�AR½∇�n�n ð3Þ
is a causal change of coordinates if the Smith Invariant Factors of
T ½∇� have the form ∇τi for some τiAIN. If τi ¼ 0; 8 i¼ 1;…;n, then
the change of coordinates is said to be bicausal.

Definition 4 (Delay-free equivalence system model). The linear
discrete systems (1) and the delay-free system model

zðkþ1Þ ¼ A0zðkÞþB0uðkÞ ð4aÞ

y¼ C0zðkÞ ð4bÞ
are equivalent if there exists a unimodular matrix T ½∇� such
that (3).

3. Necessary and sufficient conditions

According to [24], we expand the results of continuous time
systems with only state delays and input delays (that in [24]) to
that of discrete-time systems with multiple delays in state, input
and output vectors. The following lemma shows the results.

Lemma 1. The original system (1) is equivalent to the delay-free
system (4), if and only if there exist TiARn�n for i¼ 0;1;…; τm, with
τcrτm ¼ supðτa; ðn�1ÞτbÞ, such that:

(a) ∑κ
i ¼ 0TiAκ� i ¼ A0Tκ for κ ¼ 0;…; τmþτa, with A0 ¼ A0;

(b) ∑κ
i ¼ 0TiBκ� i ¼ Bκ for κ ¼ 0;1;…; τmþτb, with B0 ¼ B0;Bκ ¼ 0;

8κ40;
(c) ∑κ

i ¼ 0C κ� iT i ¼ Cκ for κ ¼ 0;1;…; τmþτc , with C0 ¼ C0 and
C κ ¼ 0; 8κ40;

(d) detð∑τm
i ¼ 0Ti∇iÞAR\f0g.

Proof. If Lemma 1 holds, the system (1) is equivalent to the
system (4). Next, the equivalency is proved.
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