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a b s t r a c t

The theory of acceptance sets and their associated risk measures plays a key role in the design of capital
adequacy tests. The objective of this paper is to investigate the class of surplus-invariant acceptance sets.
We argue that surplus invariance is a reasonable requirement from a regulatory perspective, since the
corresponding capital adequacy tests do not depend on the surplus of a financial institution, which ben-
efits exclusively its shareholders, but only on the default profile, which affects its liability holders. We
provide a detailed analysis of surplus-invariant acceptance sets and their associated risk measures and
we discuss the link with loss-based and excess-invariant risk measures, recently studied by Cont et al.
(2013) and by Staum (2013), respectively.

� 2014 Elsevier B.V. All rights reserved.

1. Introduction

The theory of acceptance sets and risk measures occupies an
important place in current debates about solvency regimes in both
the insurance and the banking world. The objective of this paper is
to investigate the class of surplus-invariant acceptance sets and
their associated risk measures. These acceptance sets are charac-
terized by the fact that acceptability does not depend on the posi-
tive part, or surplus, of a capital position. Further down we argue
that surplus-invariant acceptance sets and risk measures have
properties that are natural from the perspective of external risk
measures, a term coined in Kou et al. (2013) to denote risk mea-
sures used for external regulation rather than for purely internal
risk management purposes. In fact, risk measures with related
properties have been recently introduced and studied indepen-
dently by Cont, Deguest & He in Cont et al. (2013), who called them
loss based and in Staum (2013), whose author uses the term excess
invariant.

1.0.1. Surplus-invariant acceptance sets

Throughout this paper capital positions – assets net of liabilities
– of financial institutions are represented by the elements of L1,
the space of essentially bounded random variables on a probability
space ðX;F ;PÞ. An institution is said to be adequately capitalized if
its capital position belongs to a pre-specified acceptance set, i.e. to a
nonempty, strict subset A of L1 such that Y 2 A whenever Y P X
almost surely for some X 2 A.

For a financial institution with limited liability, the positive and
negative parts of a capital position X have a clear financial interpre-
tation. The positive part Xþ :¼maxfX; 0g is called the surplus and
represents the funds available to the owners after meeting liabili-
ties. The negative part X� :¼maxf�X;0g represents the owners’
option to default, i.e. the amount by which the institution falls short
of meeting liabilities. As explained in more detail in Section 2,
when assessing the capital adequacy of a financial institution, reg-
ulators – acting on behalf of liability holders – should be indifferent
to the amount of surplus, since it exclusively affects the owners
and not the liability holders. This is the rationale for investigating
surplus-invariant acceptance sets, i.e. acceptance sets A � L1 that
have the following property:

X 2 A; Y� ¼ X� ) Y 2 A: ð1:1Þ
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The main focus of the paper is on surplus-invariant acceptance
sets that are convex or coherent. These acceptance sets are impor-
tant because they reflect the principle that higher diversification
should lead to lower capital requirements. In Theorem 4.1 we pro-
vide a dual characterization of convex, surplus-invariant accep-
tance sets under a standard closedness assumption. As an
application, we show in Theorem 4.5 that the only coherent accep-
tance sets that are surplus invariant are essentially scenario-based
acceptance sets, i.e. acceptance sets of the form1

SPANðAÞ :¼ fX 2 L1; X1A P 0 almost surelyg; ð1:2Þ

for some scenario set A 2 F . Therefore, if we simultaneously insist
on coherence and surplus invariance, we end up with an extremely
limited choice of acceptability criteria that have properties which
may not always be desirable. Indeed, if A – X, then SPANðAÞ is blind
to the behaviour of a capital position outside of A and, if A ¼ X, we
end up requiring a zero default probability for an institution to be
acceptable. Hence, if we view surplus invariance as a desirable
property, to obtain a wider range of acceptability criteria we need
to abandon coherence. The situation is even more extreme if law
invariance is additionally required, as shown in Corollary 4.6: The
only coherent acceptance set that is simultaneously law invariant
and surplus invariant is the positive cone L1þ . In particular, accep-
tance sets based on Expected Shortfall are not surplus invariant. It
is worthwhile noting that acceptance sets based on Value-at-Risk,
the other standard acceptability test used in practice, are surplus
invariant, though not convex. This discussion has implications for
policy making since it makes manifest that the choice of a regula-
tory risk measure is not straightforward and tradeoffs need to be
made.

1.0.2. Risk measures and surplus invariance

While in this paper we take acceptance sets as the point of
departure, Cont, Deguest & He in Cont et al. (2013) and Staum in
Staum (2013) address the issue of surplus invariance within the
framework of positive risk measures, i.e. decreasing maps
q : L1 ! ½0;1Þ with qð0Þ ¼ 0 and satisfying the following ‘‘surplus
invariance’’ property:

qðXÞ ¼ qð�X�Þ for all X 2 L1: ð1:3Þ

Our analysis targets the properties we deem most relevant from a
capital adequacy perspective: The associated acceptability criteria
and the corresponding operational interpretation.

Even though, at this level of generality, a positive risk measure
q does not explicitly build on an acceptance set, the following
notion of ‘‘acceptability’’ is implicit in its interpretation as a capital
requirement: A position X 2 L1 is acceptable if it does not require
additional capital, i.e. if it belongs to the set

AðqÞ :¼ fX 2 L1; qðXÞ ¼ 0g; ð1:4Þ

which is easily seen to be an acceptance set. With regard to the
operational meaning, however, there is no obvious interpretation.
This is critical since, from an operational perspective, one should
know not only how much capital to raise, but also what to do with
the raised capital in order to improve the firm’s capital position.
For this reason we believe that, in the context of capital adequacy,
it is important to always start from a notion of ‘‘acceptability’’
and only then consider the associated risk measures, as advocated
by Artzner, Delbaen, Eber & Heath in the original paper by
Artzner et al. (1999) and more recently by Artzner, Delbaen &
Koch-Medina in Artzner et al. (2009) and by Farkas, Koch-Medina

& Munari in Farkas et al. (2014). In line with this philosophy, we
focus on risk measures qA;S : L1 ! R defined by

qA;SðXÞ :¼ inf m 2 R; X þm
S0

ST 2 A

� �
; ð1:5Þ

where A � L1 is a given acceptance set and S ¼ ðS0; STÞ is a traded
asset with initial price S0 > 0 and positive payoff ST 2 L1. The quan-
tity qA;SðXÞ has an explicit operational meaning. Indeed, when finite
and positive, it represents the amount of capital that needs to be
raised and invested in the asset S to make the capital position X
acceptable. When finite and negative, it represents the maximum
amount of capital that can be extracted from the institution, by
shorting S and dividending out the proceeds, without compromising
its capital adequacy.

When A is surplus invariant, we show in Proposition 3.10 that
the risk measure qA;S enjoys the following property:

qA;SðXÞ ¼ qA;Sð�X�Þ for all X 2 L1 with qA;SðXÞP 0: ð1:6Þ

Note that the above equality requires that qA;SðXÞP 0. Thus, for
unacceptable positions with the same negative part capital require-
ments are identical. By contrast, for acceptable positions, the
amount of capital that can be extracted without compromising
acceptability will typically not depend only on the negative part,
but also on how far into acceptability the position is. In Proposition
4.4 we investigate the impact of surplus invariance on the dual rep-
resentation of risk measures defined by (1.5).

In the last section of the paper we clarify the link between risk
measures of the form qA;S and the loss-based risk measures studied
in Cont et al. (2013) as well as the shortfall risk measures consid-
ered in Staum (2013). We show that, with the exception of sce-
nario-based risk measures, the acceptance set induced by all
explicit examples of loss-based risk measures considered in Cont
et al. (2013) collapses down to the positive cone L1þ . This is a con-
sequence of Proposition 5.14. As already noted, from a capital ade-
quacy perspective this is quite severe since, in this case, the only
adequately capitalized institutions would be those that can never
default.

An obvious way to vest a positive risk measure q with an oper-
ational meaning, which is briefly mentioned in Cont et al. (2013), is
to require that raising and holding the capital amount qðXÞ in cash
be sufficient to ensure acceptability. This leads to the concept of a
cash compatible risk measure, i.e. a risk measure q satisfying:

qðX þ qðXÞÞ ¼ 0 for all X 2 L1: ð1:7Þ

Under the assumption of cash compatibility, we prove in Theo-
rem 5.22 that every convex loss-based risk measure and every
shortfall risk measure that is cash additive subject to positivity can
be expressed as a truncated risk measure of the form maxfqA;S;0g
where A is surplus invariant and S is a riskless bond with zero inter-
est rate. Note that maxfqA;S;0g is just a less informative version of
the risk measure qA;S since it remains silent about how acceptable
an acceptable position actually is.

The paper is structured as follows. In Section 2 we present back-
ground material on acceptance sets and risk measures. In Section 3
we introduce the concept of surplus invariance, discuss the main
examples and provide a simple characterization of this property.
In Section 4 we focus on dual representations and the resulting
characterization of coherent, surplus-invariant acceptance sets,
which is the main result of this paper. Finally, in Section 5 we dis-
cuss the link to the risk measures considered in Cont et al. (2013)
and in Staum (2013). All proofs have been collected in a final
appendix.

1 The acronym SPAN stands for Standard Portfolio ANalysis and refers to a
methodology used to compute margin requirements adopted by many central
exchanges.
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