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a b s t r a c t

In recent years several countries have set up policies that allow exchange of kidneys between two or
more incompatible patient–donor pairs. These policies lead to what is commonly known as kidney
exchange programs.

The underlying optimization problems can be formulated as integer programming models. Previously
proposed models for kidney exchange programs have exponential numbers of constraints or variables,
which makes them fairly difficult to solve when the problem size is large. In this work we propose
two compact formulations for the problem, explain how these formulations can be adapted to address
some problem variants, and provide results on the dominance of some models over others. Finally we
present a systematic comparison between our models and two previously proposed ones via thorough
computational analysis. Results show that compact formulations have advantages over non-compact
ones when the problem size is large.

� 2013 Elsevier B.V. All rights reserved.

1. Introduction

Kidney transplants are essential for the survival of many pa-
tients suffering from kidney failure, but finding suitable kidneys
can be difficult because of their scarcity as well as blood or tissue
incompatibility between donors and patients. For a long time, de-
ceased donors were typically the most acceptable source of kid-
neys for transplantation. However, they only met a tiny fraction
of the demand and alternative transplantation policies considering
living donors progressively stepped forward. Within these policies,
if a patient had someone willing to donate a kidney and the pa-
tient–donor pair was compatible, then the transplant could be
done. However, if a patient and the prospective donor were not

physiologically compatible, then transplantation could not be
performed.

In recent years kidney exchange programs brought new hope
for many kidney patients. These programs involve patient–donor
pairs in which donors are incompatible with their recipients. The
key aspect is to organize exchanges between a number of such
pairs so that patient P in one pair receives a kidney from donor D
in the other pair. Fig. 1 (left) illustrates the simplest case with only
two pairs (P1,D1) and (P2,D2), where patient and donor in each pair
are incompatible (dotted lines represent incompatibilities). How-
ever, P1 is compatible with D2 and P2 is compatible with D1. Previ-
ously, when exchanges between pairs were not allowed, no
transplants could be performed in this situation. Within the evolv-
ing frameworks of new programs, exchanges between such pairs
are allowed and the two transplants can be performed (arrows rep-
resent the exchange in the figure).

Kidney exchange programs have already been introduced in
many countries, including South Korea [20], Switzerland [37], Tur-
key [15], Romania [21], The Netherlands [8,9,19], UK [7,17,23] and
the US [35,36,2,39]. Very recently, similar programs have also been
set up in other countries: in 2010, Canada, Portugal, Australia, and
New Zealand kicked-off their own programs while Spain initiated
its program in 2011.

The objective for optimization in a kidney exchange program is
generally to maximize the collective benefit for a given pool of
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incompatible pairs, usually measured by the number of possible
kidney exchanges [36,8] — in the entirety of the paper we will refer
to this optimization problem as the Kidney Exchange Problem (KEP).
Although such an optimal solution is typically desirable, there are
other factors which may also be considered in some situations; e.g.
maximize the weighted sum of kidney exchanges [23] and/or the
quality-adjusted life expectancy of transplant candidates [42].

One of the crucial questions for the KEP is the definition of a
bound on the number of pairs that can be involved in an exchange.
When a kidney exchange involves only two donor–recipient pairs
as illustrated in Fig. 1 (left) it is commonly known as a 2-way or
2-cycle exchange. Basically this is an alternating directed cycle of
two donors and two recipients in which the donor from one incom-
patible pair gives one kidney to the recipient in the other pair and
vice versa. One can note that the size of the exchange cycle can be
increased. For example, the 3-way exchange presented in Fig. 1
(right) allows three patients to get transplants instead of two; solid
lines here represent compatibilities and arrows represent the ac-
tual exchanges that derive maximum collective benefit.

Generally k-cycle exchanges with k P 3 can be better for opti-
mization as they have the potential for increasing the options for
involving more incompatible pairs in an ‘‘exchange cycle’’. If there
is no bound on the number of pairs in an exchange cycle, i.e., k is
not fixed, the problem turns into an assignment problem and can
be solved in polynomial time [2]. Ideally all operations involved
in a cycle should be performed simultaneously so that donors re-
main committed when the incompatible partners receive other do-
nors’ kidneys. Therefore for a solution to be practical and
manageable, the length of the cycles should be restricted for at
least two main reasons. First, the number of personnel and facili-
ties needed for simultaneous operations of donors and patients
raise several logistic issues that can make it prohibitively inconve-
nient to handle too many operations simultaneously [2]. Second,
because last-minute tests on donors and patients can bring out
new incompatibility issues that can cause a kidney donation and
related exchanges in the cycle to be canceled, it is preferable for
the cycles to be shorter.

For a given pool of donor–recipient pairs, a 2-cycle exchange
can be seen as a task of pairwise compatibility matching, and Ed-
mond’s maximum cardinality matching algorithm [11] can provide
an optimal solution in polynomial time. The problem with k-cycle
exchange certainly is a generalized model and much more interest-
ing for practical applications. However, the associated problem is
known to be NP-complete for k P 3 and difficult to solve efficiently
when a problem instance is large [2].

Current work on solving the KEP focuses mostly on Integer Pro-
gramming (IP) formulations. Two IP models, referred to in this pa-
per as the ‘‘edge formulation’’ and the ‘‘cycle formulation’’, were
proposed in [34]. Despite the very good results reported for the cy-
cle formulation in [2], the question of finding a compact formula-
tion that has a number of variables and constraints bounded by a
polynomial in the size of the problem (i.e., on the total number
of pairs in a donor–recipient pool), has, up until now, remained

open: the cycle formulation presents an exponential number of
variables, while the edge formulation has an exponential number
of constraints.

This paper focuses on mathematical modeling aspects of the
KEP: we propose two new compact formulations for the problem.
Moreover we investigate the relationships between different for-
mulations and provide some proofs of dominance of one formula-
tion over the other in the sense of values of upper bounds for
optimal solutions obtained with the linear relaxations (LP relax-
ations) of each formulation. Finally, a systematic comparison of
these formulations with the two previously reported ones is pre-
sented by thorough computational analysis.

The paper is organized as follows. Following this introduction
we review in Section 2 relevant literature with respect to variants
of the KEP and solution methods. In Section 3 the problem state-
ment and the known IP models are presented. The new compact
formulations for the KEP are introduced in Section 4. In Section 5
the adaptation of formulations for variants of the KEP is discussed.
The interrelations of upper bounds of linear relaxations for the pre-
sented IP models are investigated in Section 6. Section 7 reports
the computational analysis and conclusions on the effectiveness
of each formulation. Finally Section 8 provides conclusions and
directions for future work.

2. Literature review

The concept of kidney exchange program for incompatible pa-
tient–donor pairs was first promoted in 1986 in [27] as an alterna-
tive to deceased donor programs. Since then, several models for the
KEP have been proposed that differ mostly on type of exchanges al-
lowed, matching requirements and optimization objectives. For
ethical issues concerning the programs, readers may see [30,31];
an overview of contemporary ideas and challenges can be found
in [40,12]. In this section we survey KEP variants as well as optimi-
zation solution methods used to attack the problem.

2.1. Problem variants

The basic variant of the KEP is a 2-exchange mechanism involv-
ing two patients in two distinct pairs such that each patient is
incompatible with the associated donor [22,18,36] (see Fig. 1
(left)). The notion can be generalized to a k-exchange (k P 3) in
which up to k pairs can be involved in the exchange cycle [8,2,7].

Variants of the k-exchange problem can include altruistic donors;
i.e., donors that are not associated to any patient, but willing to do-
nate a kidney to someone in need. Non-directed (ND) exchanges oc-
cur when an altruistic donor gives a kidney to a patient in a kidney
exchange program and the recipient’s donor is ‘‘dominoed’’ to the
next compatible patient on the deceased donor waiting list, or is
used to add another incompatible pair to the chain [25,13,32].
The maximum size of a chain is determined by national or regional
programs.

Contrary to the above mentioned problems where simultaneity
of exchanges is considered, Non-simultaneous Extended Altruistic
Donor (NEAD) chains allow non-simultaneity of exchanges
[10,28,4,12]. Unlike the conventional form of non-direct donation,
where the size of the chain is limited, the cascade in NEAD may
theoretically never end. The first donor who is incompatible, and
whose related patient receives a kidney from the altruistic donor,
gives his kidney to someone else with whom he is compatible.
The recipient’s incompatible donor can then do the same, and so
on. By not assigning a kidney to a patient in the deceased donor list
the cascading donor chain may continue indefinitely, unless a do-
nor whose related recipient has already been transplanted drops
out of the program.

Fig. 1. A 2-way exchange (left) and a 3-way exchange (right).
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