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Abstract

The increasing complexity in several fields of science and technology has motivated the use of techniques originally conceived in other
areas of applications. An illustrative example of this is given by the topological derivative which quantifies the sensitivity of a problem
when the domain under consideration is perturbed by changing its topology. This concept, initially conceived to deal with topology opti-
mization problems, has also been successfully applied to inverse problems and material properties characterization. Our aim in this paper
is to present an other field of application for the topological derivative: image processing. An appropriate functional and a variational
problem are associated to the cost endowed to an specific image processing application. Thus, the corresponding topological derivative
can be used as an indicator function that leads, through a minimization process, to the processed image. We focus our attention on two
image processing application. In the first, the topological derivative is used in image restoration, i.e. to restore an image that was some-
how degraded (acquisition process, transmission, storage, etc.). Moreover, a novel fully discrete algorithm based on the topological
derivative concept is presented. In the second application, we use the topological derivative to derive a ‘‘continuous’’ and a fully discrete
novel image segmentation algorithms, i.e. for objects identification in an image. Finally and in order to show the performance of these
algorithms, several numerical examples are also presented in this work.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

As a consequence of the technological advance a variety
of instruments and tools have been introduced in medicine.
For instance, we can refer to medical imaging devices.
More specifically, techniques like Computed Tomography
(CT), Magnetic Resonance Imaging (MRI), Single Photon
Emission Tomography (SPECT), Positron Emission
Tomography (PET) and Ultrasound (US) among others,
have provided useful information (anatomical and func-
tional) to specialists, no matter which is the area of interest
(practical medicine, research, etc.). Therefore, the demand
for tools to manipulate medical images has grown consid-
erably since the appearance of these technologies. Also dif-
ferent issues have appeared in this field, and to recall some

of them we can mention volume data visualization, image
restoration, image segmentation, image registration, pat-
tern recognition, etc.

The inherent complexity of this area has motivated
interdisciplinary research and the use of techniques actually
born in other areas into medical imaging, as is the case of
image processing. In this work, we focus our attention in
the topological derivative as a tool for image processing,
specifically in image restoration and segmentation. As it
is known, the topological derivative allows us to quantify
the sensitivity of a problem when the domain under consid-
eration is perturbed by changing its topology, for example
by the introduction of an arbitrary shaped hole, an inclu-
sion or a source term. Early work on this subject can be
found in papers by Masmoudi [22] and Sokolowski and
_Zochowski [28]. This derivative has been originally con-
ceived as a tool to solve topology optimization problems.
Nevertheless, this concept is wider and has shown interest-
ing results when applied in inverse problems. See also
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[25,2,9,10,24,23] for applications of the topological deriva-
tive to the above equations topology optimization and
inverse problems considering Navier, Laplace, Poisson,
Helmoltz, Stokes and Navier–Stokes equations among
others.

In this paper, another field of application for the topo-
logical derivative namely image restoration and image seg-
mentation is studied. In particular, the topological
derivative has proven to be a powerful tool in this field
of research [4,6,15]. We can also mention the work of He
and Osher [13], where connection is made between level
set and the topological derivative. More specifically, appro-
priated functionals and variational formulations associated
to the cost endowed to image restoration and segmentation
are proposed. The corresponding topological derivatives
can be used as an indicator function that allow us to
obtain, through a minimization process, the processed
image. Following this approach, novel algorithms for
image restoration and segmentation are proposed.

This article is organized as follows. In Section 2, the
concept of topological derivative is introduced. The con-
text of image restoration using the topological derivative
is analyzed and a fully discrete algorithm that removes
noise preserving details (edges) is proposed in Section 3.
Furthermore, several numerical applications are also pre-
sented in this section showing the effectiveness of this
new algorithm for image restoration. In Section 4, the
image segmentation problem is tackled defining an appro-
priate functional and calculating its topological derivative.
As shown in this section,‘‘continuous’’ and fully discrete
novel algorithms are also presented and used in segmenting
several images with excellent performance.

2. The topological derivative

As mentioned above, the topological derivative (DT)
allows us to quantify the sensitivity of a problem when
the domain under consideration is perturbed, for example
by the introduction of an arbitrary shaped hole, an inclu-
sion or a source term at an arbitrary point.

Then, let X be a bounded open set in RN ðN ¼ 2; 3Þ and
x be a fixed bounded domain containing the origin.
Let also JðuÞ ¼ JðuðXÞÞ be the cost functional to be min-
imized and uðXÞ the solution of a variational problem
defined over the domain X. For a small parameter � P 0,
let X� ¼ X� x� be the perturbed domain defined by insert-
ing a small hole at point x̂ 2 X given by x� ¼ x̂þ �x.
Let also u� be the corresponding solution of the same var-
iational problem but now defined over the perturbed
domain X�.

For small values of � the topological asymptotic expan-
sion for J�ðu�Þ reads

J�ðu�Þ ¼ JðuÞ þ f ð�ÞDT ðx̂Þ þ oðf ð�ÞÞ; ð1Þ

where f ð�Þ is a known positive function going to zero with
� and DT ðx̂Þ is the topological derivative at point x̂. Since f

is positive, by introducing a perturbation at any point x̂

where DT is negative the cost function J will be decreased.
Then, DT can be taken as an indicator function defining the
best places where the perturbations could be introduced in
order to reduce the value of the cost function. As will be
shown in the next sections, this information can be used
to develop fast algorithms for image restoration and
segmentation.

Furthermore, dividing Eq. (1) by f ð�Þ and after taking
the limit �! 0 we obtain

DT ðx̂Þ ¼ lim
�!0

J�ðu�Þ �JðuÞ
f ð�Þ : ð2Þ

The numerator of the right hand side of the above expres-
sion is associated with the total variation of the cost func-
tion. This information will be used to derive a fully discrete
algorithm for image restoration and segmentation.

3. Image restoration via topological derivative

For visual analysis, clarity of details and object visibility
are important features in medical images, but when the
interest is to use more advanced image processing proce-
dures like segmentation, a high signal-to-noise (SNR) is
mandatory to reduce errors as much as possible.

Over the years different techniques have been studied to
improve the SNR of a degraded image. These methods can
be classified as those affecting acquisition time or pixel size
(time averaging over pixels for repeated acquisitions, scan-
ning with larger image elements), and methods not affect-
ing these parameters (for example, improvement of the
acquisition hardware and postprocessing the image data
after acquisition, that is image processing techniques).
The former techniques have the advantage of not affecting
the acquisition process [17,12]. To this end different
approaches have been proposed over the years. In apartic-
ular, we can mention techniques based on the framework
of variational approaches and energy minimization [3].
The following energy was considered by these authors

JðuÞ ¼ 1

2

Z
X
ðv� uÞ2 dXþ k

Z
X

/ðjrujÞdX: ð3Þ

In the above expression, the first term measures the misfit
between the (degraded) image data v and the restored im-
age u and the second term is associated to the smoothing
process. The parameter k is used to control the weight gi-
ven to each term. Moreover, the Euler equation for this
functional is given by

�kdiv
/0ðjrujÞ
jruj ru

� �
þ u ¼ v; ð4Þ

together with homogeneous Newmann boundary condition
on oX. The authors also impose several restrictions over /
in order to ensure satisfactory noise reduction, as well as
existence and uniqueness of the solution u which minimizes
the functional in Eq. (3). Another approach for image res-
toration is based on nonlinear diffusion methods. In this
case the evolution of the (restored) image u ¼ uðx; tÞ is
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