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a b s t r a c t

This paper solves the multiobjective stochastic linear program with partially known probability. We
address the case where the probability distribution is defined by crisp inequalities. We propose a chance
constrained approach and a compromise programming approach to transform the multiobjective sto-
chastic linear program with linear partial information on probability distribution into its equivalent uni-
objective problem. The resulting program is then solved using the modified L-shaped method. We
illustrate our results by an example.

� 2009 Elsevier B.V. All rights reserved.

1. Introduction

Multiobjective stochastic programming (MSP) deals with opti-
mization problems involving several conflicting objectives with
random parameters. In portfolio selection, for example, Ben Abde-
laziz et al. [1] proposed a compromise chance constrained (CCCP)
approach to solve a MSP portfolio selection problem. In water re-
source management, Goicoechea et al. [10] presented the PRO-
TRADE (PRObabilistic TRAdeoff DEvelopment) method to deal
with a MSP water resource management problem. In power and
electric systems, Teghem [17] provided the STRANGE (STRAtegy
for Nuclear Generation of Electricity) method to solve a MSP power
system planning problem.

In all MSP models, the probability distribution is supposed to be
known. Unfortunately, in many situations, a precise probability
distribution cannot be provided. This is the case when selecting a
portfolio based on many criteria in a new financial market or find-
ing an optimal multi-attribute design for a new product.

The multiobjective stochastic program with incomplete proba-
bility distribution (MSPI) problem was first studied by Bitran [5].
Urli and Nadeau [18,19] suppose that the partial information on
probability distribution allows specifying only limits of variation
of the uncertain parameters and their central values. They consider
also the case where, for different possible (global) scenario, we can
rank the probabilities of scenarios. They propose an interactive
method inspired from STEM [4].

In this paper, we consider the MSPI problem as follows:

Min Z ¼ CðwÞ � x ¼ ½c1ðwÞ � x . . . ; cKðwÞ � x�;
s:t: TðwÞx� hðwÞP 0;
x 2 X0;

ð1Þ

where X0 ¼ fx 2 Rn : A0x ¼ b0; x P 0g is the set of deterministic
constraints with A0 is m0 � n matrix and b0 is m0 vector; C; T and
h are random matrices of respective dimension ðK � nÞ; ðm� nÞ
and ðm� 1Þ defined on some probability space ðX;2X; PÞ, with
X ¼ fw1; . . . ;wNg is a discrete set of events, 2X is the power set of
X and P is the -partially known- probability distribution that as-
signs to each A 2 2X the probability of occurrence PðAÞ.

The uniobjective form of the MSPI problem was studied by Du-
pačova [8]. She proposes a minimax approach to solve stochastic
programs where probabilities are given by a generalized moment
problem. Under a minimax approach, Ermoliev and Gaivoronski
[9] present a stochastic quasigradient method to solve the case
where the (continuous) probability distribution is given by some
of its moments. Ben Abdelaziz and Masri [2] propose a general
framework to solve the uniobjective MSPI problem with linear par-
tial information on probability distribution (SPLI). We call linear
partial information on probability distribution [12], the case where
the probability pi of a given event wi; i ¼ 1; . . . ;N, belongs to a
known polyhedral set of the following form:

p ¼ P :¼ ðp1; . . . ;pNÞ
t : AP 6 b;

XN

i¼1

pi ¼ 1; pi P 0; i ¼ 1; . . . ;N

( )

where A ¼ ðai;jÞi;j and b ¼ ðbiÞi are respectively s� N and s� 1 fixed
matrices. The linear partial information model on probability
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distribution can be used, for example, when the probability distri-
bution is characterized by: (a) the probability pi is between a and
b, where a and b are fixed numbers of [0,1] (i.e. a 6 pi 6 b), (b)
the probability of the realization of the event wi or wj is equal to
c, where c is fixed number of [0,1] (i.e. pi þ pj ¼ c), (c) the probabil-
ity pi is defined by generalized moment constraintsPN

i¼1ukðwiÞpi ¼ l̂k, k ¼ 1; . . . ;m where l̂k and ukð�Þ; k ¼ 1; . . . ;m;
are respectively some moments and a sequence of linearly indepen-
dent functions defined over X, etc. Ben Abdelaziz and Masri [2]
present two approaches to solve the SPLI problem respectively
based on an extension of the chance constrained approach and
the recourse approach.

In this paper, we extend previous approaches to the Multiobjec-
tive case to solve the MSPI problem with linear partial information
on probability distribution (MSPLI). We propose an equivalent
mathematical program to the MSPLI problem based on an exten-
sion of the CCCP model and the chance constrained approach to
the SPLI problem. The obtained equivalent program is then solved
based on the modified L-shaped method [2] and results are illus-
trated by an example.

2. The chance constrained programming approach

In stochastic programming, the chance constrained program-
ming (CCP) approach is used when we consider as feasible solu-
tions those satisfying the uncertain constraint with a given
probability level [6]. Ben Abdelaziz and Masri [2] extend this ap-
proach to the SPLI problem. They suppose that the chance con-
straint have to be fulfilled by all probability distributions in p.

Under a CCP approach the MSPLI problem may be written in the
following form

Min Z ¼ CðwÞ � x;
s:t: P½TðwÞx� hðwÞP 0�P a; 8P 2 p;
x 2 X0;

ð2Þ

where a 2 ½0;1� is the probability (or reliability) level and it repre-
sents, at least, the satisfaction degree on the realization of the
uncertain constraints. A separate level for each constraint may be
considered. In the following, we address the case of a joint chance
constrained approach.

The chance constraint of the problem (2) is almost impossible to
be satisfied for an infinite number of probability distributions P in
p. Let us denote by F the lower probability function related to the
set p [7] and defined as follows: for all A # X

FðAÞ ¼ InffPðAÞ=P 2 pg;

p is a polyhedral set, then for all A 2 X the lower probability FðAÞ is
attained for some P 2 p and reciprocally. Therefore, the chance con-
straint in the problem (2) is equivalent to the following constraint:

FðTðwÞx� hðwÞP 0ÞP a: ð3Þ

3. The compromise programming approach

The compromise programming (CP) approach, introduced by
Zeleny [20] for multiobjective problems, consists in minimizing
the sum of distances from the objective functions to predefined
ideal values.

Let us denote by c�k ¼ Minx2X0 ck � x the ideal value of the kth
objective function where ck ¼ Mini¼1;...;NckðwiÞ. The vector c� ¼
c�1; . . . ; c�K
� �

of ideal values may not be attained and can be consid-
ered as a lower bound for all the objectives.

Under a CP approach, the problem (2) may be written as
follows:

Min Cðx;wÞ;
s:t: F½TðwÞx� hðwÞP 0�P a;

x 2 X0;

ð4Þ

where

Cðx;wÞ ¼Min ktdðwÞ;
s:t: dðwÞ ¼ CðwÞ � x� c�;
dðwÞP 0

and k ¼ ðk1; . . . ; kKÞt is a weight vector ðki > 0Þ.
We call the function Cð�; �Þ the compromise function. It repre-

sents a weighted sum of the gap between the objective functions
values CðwÞ � x and the ideal values c� for a given solution x and sce-
nario w. The compromise function has a similar form as the re-
course function in the two stage stochastic programming [11].

4. The chance constrained compromise approach for the MSPLI
problem

The objective function in problem (4) is stochastic. To consider
the expectation of the compromise function, we need to specify a
probability distribution P. We suppose that the decision maker
(DM) has no preference structure over the set of possible probabil-
ity distributions p and that he is aware from the worst value of the
objective function. Therefore, he tends to minimize the worst ex-
pected cost

cðxÞ ¼ Max
P2p

Ep½Cðx;wÞ�;

where EP½Cðx;wÞ� is the expected value of the compromise function
Cðx;wÞ regarding the probability distribution P.

Under the above hypothesis, the problem (4) can be written as
follows:

Min Max
P2p

Ep½Cðx;wÞ�;

s:t: F½TðwÞx� hðwÞP 0�P a;
x 2 X0; dðwÞP 0:

ð5Þ

We call the problem (5), as in [1], the chance constrained com-
promise program (CCCP).

The CCCP problem (5) is a deterministic equivalent to the MSPLI
problem under the following hypothesis:

H1: the DM aims to minimize the value of the weighted sum of
the gap between the objective functions values and the cor-
responding ideal values;

H2: the DM accepts that optimal solution satisfies the uncertain
constraints with a given probability level;

H3: the DM is aware of the worst objective function values.

These hypotheses are needed to perform the chance con-
strained compromise programming approach for the MSPLI
problem.

To solve the CCCP problem, we have to detail the form of the
lower probability function F and the compromise function Cðx;wÞ.

First, to determine the value of F, we have to solve 2N linear pro-
grams [7]. For the case where TðwÞ ¼ T and hðwÞ ¼ w, Ben Abdela-
ziz and Masri [2] propose a strategy to linearize the chance
constraint (3) using the notion of p-level efficient points (pLEP).
A realization z 2 X is a pLEP relatively to the lower bound F if
and only if F½w 6 z�P a and there is any y 2 X; y 6 z and y–z such
that F½w 6 y�P a [15]. They extend the algorithm proposed in [16]
to determine all the pLEP’s for the lower probability F. The chance
constraint may be replaced by Tx P zi; zi 2 UF , where
UF ¼ fz1; . . . ; zsg is the set of all pLEP’s. As in Prékopa et al. [16],
they relax the chance constraint (3) in the following way:
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