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a b s t r a c t

Governments borrow funds to finance the excess of cash payments or interest payments over receipts,
usually by issuing fixed income debt and index-linked debt. The goal of this work is to propose a stochas-
tic optimization-based approach to determine the composition of the portfolio issued over a series of gov-
ernment auctions for the fixed income debt, to minimize the cost of servicing debt while controlling risk
and maintaining market liquidity. We show that this debt issuance problem can be modeled as a mixed
integer linear programming problem with a receding horizon. The stochastic model for the interest rates
is calibrated using a Kalman filter and the future interest rates are represented using a recombining tri-
nomial lattice for the purpose of scenario-based optimization. The use of a latent factor interest rate
model and a recombining lattice provides us with a realistic, yet very tractable scenario generator and
allows us to do a multi-stage stochastic optimization involving integer variables on an ordinary desktop
in a matter of seconds. This, in turn, facilitates frequent re-calibration of the interest rate model and re-
optimization of the issuance throughout the budgetary year allows us to respond to the changes in the
interest rate environment. We successfully demonstrate the utility of our approach by out-of-sample
back-testing on the UK debt issuance data.

� 2011 Elsevier B.V. All rights reserved.

1. Introduction

Governments borrow funds to finance the excess of cash pay-
ments over receipts, to pay interest on outstanding debt and to
refinance maturing debt. The formulation of government debt
strategies requires analyzing a complex dynamic inter-temporal
problem as future costs and risks depend on many factors such
as the size and structure of the existing debt and the evolution of
the interest rates. When borrowing to finance the primary net
funding requirement the government can choose from a number
of different instruments. Examples include treasury bills, coupon
bonds with fixed or inflation-linked coupons and retail saving
bonds. The government wishes to select the composition and the
maturity structure of its portfolio that minimize the cost of servic-
ing the debt at a given risk. This task involves designing the matu-
rity structure of the sovereign portfolio in such a way that the
government’s financing costs are kept low and insulated from mac-
roeconomic shocks.

Most of the academic literature on optimal sovereign debt port-
folio emphasizes the role of debt management in providing insur-
ance against shocks as prescribed by optimal taxation theory with
the final goal of stabilizing the debt-to-GDP ratio. According to this
literature (see for example Barro, 1997 or Missale, 1999), debt
managers should minimize the risk that tax rates will have to be

changed in response to economic developments. While offering
many insights, this approach has few empirical implications. In
practice, the majority of government debt managers make no ex-
plicit reference to fiscal policy, focusing instead on the budget-
smoothing objective. Direct cost minimization over a given fiscal
horizon is rarely addressed.

In this article we focus on a specific goal, namely to determine
the portfolio composition of the sovereign bond portfolio that min-
imizes the cost of servicing the debt while controlling risk and
maintaining a certain level of market liquidity. We show that the
problem of debt issuance through a series of auctions over time
can be modeled as a stochastic optimization problem with a num-
ber of constraints imposed by the financial remit and government
debt stabilization target.

The rest of the paper is organized as follows. Section 2 de-
scribes the debt management problem. Section 3.1 outlines the
assumptions underlying the multi-stage stochastic optimization
model. Section 3.2 describes notation used in setting up the MILP
model for optimal debt issuance. Section 3.3 introduces a small
(and less realistic) mixed integer linear programming (MILP)
model, in order to get some insight into the modeling of the
problem. Section 3.4 defines the risk measures considered here.
Section 3.5 defines the actual stochastic optimization model.
Sections 3.1–3.5 assume the knowledge of a recombining interest
rate lattice which is derived separately. Sections 4.1–4.3 describe
the filtering-based interest rate model, its calibration and its
application in building a recombining interest rate lattice used
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in the earlier sections. The description of scenario generation
model is separated from the description of the main optimization
model in the interest of clarity. The effectiveness of the optimiza-
tion model as well as scenario generation methodology is demon-
strated through extensive out-of-sample numerical experiments
using UK issuance data in Section 5. Finally, Section 6 summarizes
the contributions of this paper and outlines the directions of fu-
ture research.

2. The debt management problem

Governments make use of debt instruments in order to finance
two major components of the national accounts:

(1) the government net cash requirement, which is essentially
the difference between government’s income and expendi-
ture in cash returns;

(2) the redemption of maturing government bonds. This is the
amount needed to finance the annual repayment of matur-
ing debt.

In managing the government debt, several governments have as
their stated debt strategy objective the minimization of long-term
financing cost while maintaining a low downside risk around those
costs. In the UK, for example, the government explicitly states in
HM Treasury (1998) that ‘‘the primary objective of debt manage-
ment policy shall be to minimize, over the long term, the cost of
meeting the Government’s financing needs whilst:

� taking account of risk and
� so far as possible, to avoid conflict with monetary policy’’.

Although phrased in many different ways, similar statements
relating the objective of government debt management are found
in most of the Ministry of Finance code of practices around Europe
and it is explicitly mentioned in the IMF guidelines for public debt
management; see (The International Monetary Fund and The
World Bank, 2003).

The trade-off between cost and risk is a familiar concept in the
asset-pricing literature where investors attempt to optimally select
the proportion of risky and riskless assets that maximize their ex-
pected utility functions subject to appropriate wealth constraints.
This suggests that the government might be able to apply corpo-
rate finance theory in determining its debt issuance strategy. How-
ever, asset-liability management cannot be applied to sovereign
debt management in a straightforward manner. First, the objective
and horizon of government debt management differ from those of
private institutions and the types of risks actively managed at sov-
ereign level also differ from private sector. In particular, while as-
set portfolio managers try to maximize asset returns over holding
period subject to upper limit on risk, sovereign debt managers try
to minimize the debt-service cost over a longer horizon subject to
an implicit or explicit constraint on the volatility of debt-service
cost (as a proxy for risk). Second, government debt managers are
concerned with maintaining a liquid and well-functioning govern-
ment security market. Sovereign fixed-income market often serve
as a benchmark for corporate issuers, thus implying that small
alterations of the government portfolio often have large impacts
on the entire bond market. Therefore, the objective of minimizing
the cost of debt servicing is subject to the constraint that a mini-
mum level of bonds has to be issued at each maturity bracket.
Finally, the implementation and transmission of monetary policy
interventions occur through financial markets. According to the
liquidity preference theory, debt management has a clear influence
on the term structure of interest rates. Therefore, some constraints

are imposed on debt management by the need to consider consis-
tency with monetary policy.

The purpose of this paper is to integrate corporate portfolio
optimization theory in a general framework which can be used
by government debt managers to inform the issuance policy. In
doing so we assume that one of the main sources of risk in sover-
eign debt portfolio management is the uncertainty about future
short term interest rates. Other important sources of uncertainty
such as the exposure to currency risk or fluctuations of macroeco-
nomic variables (e.g. the rate of inflation) are not inserted directly
into our cost minimization problem and are assumed to be closely
correlated with the single source of uncertainty used. To model the
evolution of interest rates, we use an affine term structure model
introduced in Vasicek (1977) and calibrate it to multivariate time
series data on government bond yields using a Kalman filter. This
filtering-based calibration approach allows us to use the short term
rate as an unobservable variable rather than using a proxy for it
and to use potentially noisy yield data from which to estimate
the short rate. Similar approaches have been previously employed
in Babbs and Nowman (1999), Rossi (2004), Gravelle and Morley
(2005), and Date and Wang (2009) among others. Date and
Ponomareva (in press) provides a review of using Kalman filtering
in financial time series models.

To generate scenarios of uncertain future interest rates (and
hence the yields, which are affine functions of short rate for the
chosen short term rate model) evolving through time, we use a tri-
nomial recombining lattice. Using a recombining lattice is an
industry standard way of modeling asset price or interest rate evo-
lution for pricing purposes. In the present context, using a recom-
bining lattice means that the number of possible values the yield
vector can take grows linearly with time steps. In a non-recombin-
ing lattice, the number of steps can grow exponentially or combi-
natorially. The use of a recombining lattice keeps the mixed integer
linear programming (MILP) based multi-stage stochastic program-
ming problem numerically tractable, even on a desktop with mod-
est hardware specifications. An alternative approach would be to
use a non-recombining lattice followed by scenario generation
heuristics, as proposed in Dupačová et al. (2003) and Heitsch and
Römisch (2003).

The use of scenario based stochastic optimization in bond port-
folio management is not new, although most of the applications
are demand-side applications (i.e. the optimization problem as
seen from the bond purchaser’s point of view). A two stage sto-
chastic program was formulated in Golub et al. (1995) to address
fixed income portfolio management under interest rate and cash-
flow uncertainty, while a similar formulation was used in Zenios
(1995) to illustrate management of portfolios containing mortgage
backed securities. In Dupačová and Bertocchi (2001), bond portfo-
lio management is formulated as a multiperiod stochastic program
in a dynamic setting. Like our paper, (Dupačová and Bertocchi,
2001) also uses a recombining lattice as a temporal model for
uncertain interest rates.

On the supply side (i.e. for a sovereign issuance problem), a lin-
ear programming based model is presented in Adamo et al. (2004)
for minimization of the total cost of issuance under regulatory con-
straints. This model is illustrated using debt issuance data of the
Italian government. Other notable work in this area includes
Bernaschi et al. (2007), which provides results on the multivariate
simulation of interest rates using observable (ECB) rates as well as
analysis of principal components. The research reported in
Consiglio and Staino (2010) and Balibek and Köksalan (2010) is
the closest in spirit to the work reported here, in the sense that,
both these papers also develop multi-stage stochastic program-
ming models for sovereign debt issuance.

Our model differs from the earlier work mentioned above in
several aspects. These are summarized as follows.
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