Journal of Combinatorial Theory, Series A 155 (2018) 503-543

Contents lists available at ScienceDirect

Journal of Combinatorial Theory,
Series A

F1.SEVIER www.elsevier.com/locate/jcta

A graphical calculus for the Jack inner product on | gy
symmetric functions

Anthony Licata ®', Daniele Rosso ", Alistair Savage “

& Mathematical Sciences Institute, Australian National University, Australia
P Department of Mathematics, University of California Riverside, United States
¢ Department of Mathematics and Statistics, University of Ottawa, Canada

ARTICLE INFO ABSTRACT
Article history: Starting from a graded Frobenius superalgebra B, we consider
Received 13 October 2016 a graphical calculus of B-decorated string diagrams. From

Available online 8 December 2017 this calculus we produce algebras consisting of closed planar

diagrams and of closed annular diagrams. The action of
annular diagrams on planar diagrams can be used to make
clockwise (or counterclockwise) annular diagrams into an

Keywords:
Symmetric functions
Jack inner product

Categorification inner product space. Our main theorem identifies this space
Heisenberg algebra with the space of symmetric functions equipped with the Jack
Graded Frobenius superalgebra inner product at Jack parameter dim Beyen —dim Bogq. In this
Fock space way, we obtain a graphical realization of that inner product
Wreath product algebra space.

© 2017 Elsevier Inc. All rights reserved.

E-mail addresses: amlicata@gmail.com (A. Licata), drosso@iu.edu (D. Rosso),
alistair.savage@uottawa.ca (A. Savage).
URLs: http://maths-people.anu.edu.au/~licatat/Home.html (A. Licata), http://pages.iu.edu/~drosso/
(D. Rosso), http://alistairsavage.ca (A. Savage).
! The first author was supported by Discovery Project grant DP140103821 from the Australian Research
Council.
2 The third author was supported by Discovery Grant RGPIN-2017-03854 from the Natural Sciences and
Engineering Research Council of Canada.

https://doi.org/10.1016/j.jcta.2017.11.020
0097-3165/© 2017 Elsevier Inc. All rights reserved.


https://doi.org/10.1016/j.jcta.2017.11.020
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jcta
mailto:amlicata@gmail.com
mailto:drosso@iu.edu
mailto:alistair.savage@uottawa.ca
http://maths-people.anu.edu.au/~licatat/Home.html
http://pages.iu.edu/~drosso/
http://alistairsavage.ca
https://doi.org/10.1016/j.jcta.2017.11.020
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jcta.2017.11.020&domain=pdf

504 A. Licata et al. / Journal of Combinatorial Theory, Series A 155 (2018) 503-543

Contents
1. Introduction . .. ... . ... . 504
2. Lattice Heisenberg algebras . . . . ... ... ... . ... . L 507
3. The graphical calculus of the Heisenberg category . ................. .. ........ 511
4.  Trace decategorification . ... .. ... . ... .. e 515
5. A bilinear form on annular diagrams. . . ... ... .. L 527
6. Filtrations and associated graded algebras . . .. ... .... ... ... . ... ... . 531
7.  Further directions. . . . . . . . 534

Appendix A. Presentations of lattice Heisenberg algebras and the Macdonald pairing . ... ... 535

References . . . . . . 542

1. Introduction

Let B be a nonnegatively graded Frobenius superalgebra over an algebraically closed
field F of characteristic 0 (for example, the cohomology over F of a compact connected
manifold). Inspired by constructions of Khovanov in [10] and Cautis and the first author
in [4], the second and third author, in [19], associated to B a graded pivotal monoidal
category H5. The objects of H}; are formal direct sums of compact oriented 0-manifolds,
and the morphisms are linear combinations of immersed oriented planar 1-manifolds,
decorated by elements of the Frobenius algebra B, and subject to certain local relations.
Associated to Hj are at least two potentially interesting algebraic objects:

o the center Z(#H3;), which is the endomorphism algebra of the monoidal unit of the
category Hp, is a graded supercommutative infinite-dimensional algebra, whose
elements are linear combinations of immersed oriented closed 1-manifolds, deco-
rated by elements of B, and subject to the local relations of the graphical calculus
of Hp;

o the trace, or zeroth Hochschild homology, Tr(#H3;) of H1; is a graded noncommutative
infinite-dimensional algebra, whose elements are linear combinations of immersed
closed annular 1-manifolds, decorated by elements of B, and subject to the local
relations of the graphical calculus.

(We refer to Sections 3 and 4 for the precise definitions of the monoidal category Hp
and the algebras Z(H%) and Tr(#H7};).) The algebra of annular diagrams Tr(Hj) acts
linearly on the space of planar diagrams Z(H%).

The importance of the trace in diagrammatic categorification is first emphasized in the
work of Beliakova—Habiro—Lauda with both Webster [2] and with Guliyev [1]. In particu-
lar, the fact that the trace acts on the center of a pivotal monoidal category goes back at
least to [1]. Nevertheless, at present not much is known about the algebra Tr(H};), except
in the case B =T, where it was computed in [6]. The authors there suggest that, in the
general case, Tr(H7;) should be understood in relation to the vertex algebra associated
to the lattice Ko(B), equipped with its Euler form. We do not take up the computation
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