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a b s t r a c t

Non-Fourier and nonlocal heat conduction phenomena have been observed in many cases in modern
industry. They have been modeled by differential equations with phase lags or by Fourier-type integral
formulation. This paper presents a peridynamic non-Fourier heat conduction model to consider the
non-Fourier and nonlocal effects simultaneously. The model is formulated in the framework of general-
ized state-based peridynamics (PD) by introducing the concept of dual phase lags (DPL) into the peridy-
namic framework, and is thus referred to as the PD-DPL model. The model is not only suitable for
transient heat conduction from nano- to macro-scales, but also applicable to phase-lag diffusion in other
fields. Numerical procedures are presented for solving the resulted equation, and the results for examples
are in good agreement with other solutions and available experimental data. Compared with classical
non-Fourier heat conduction models, the PD-DPL model can be easily applied to problems with
discontinuities.

� 2017 Elsevier Ltd. All rights reserved.

1. Introduction

Non-Fourier heat conduction is found in more and more cases,
such as self-heating in microelectronic devices, heat conduction
at very low temperature near absolute zero, and heat conduction
in biological tissues [1,2]. In particular, in the last decades, non-
Fourier heat conduction in microelectronic devices attracts much
attention of researchers, since experimental results show that the
Fourier’s law may break down with the decreasing feature sizes
[3,4]. Therefore, a large amount of approaches beyond the Fourier’s
law have been proposed from quantum scales to macroscales. In
this paper, we mainly focus on the macroscopic description of
non-Fourier heat conduction phenomena. In this regard, some
commonly used models are reviewed briefly. One of the primary
models of non-Fourier heat conduction is the wave model, and
the corresponding equation is known as the wave-like equation
or the hyperbolic heat conduction equation [5]. As mentioned in
the comprehensive review of Joseph et al. [5], many models can
be delineated by the wave-like equation, wherein a time delay of
heat flux is introduced to modify the Fourier’s law. But the wave-

like equation may be invalid for rapid transient heat transfer. For
this reason, Qiu and Tien proposed the microscopic two-step pro-
cess model [6], in which the radiation-metal interactions are trea-
ted as a coupled two-step process: the electrons firstly absorb the
energy, and then heat the mental lattice by the interaction
between the electrons and phonons. It is used to analyze the
short-pulse laser heating process in metallic thin films. Tzou pro-
posed a more general non-Fourier model, namely, the Dual-
Phase-Lag (DPL) model [7]. The model includes not only the time
delay of the heat flux, but also the time delay of temperature gra-
dient, where the former is caused by microstructural interactions
such as phonon scattering, and the latter is interpreted as the
relaxation time due to fast-transient effects of thermal inertia
[1]. These two time delays are defined as phase lags. The model
can be reduced to the wave model and two-step process model.
These non-Fourier models solve the problem of the infinite speed
of heat propagation, but do not address the nonlocal effect.

Generally speaking, nonlocal effect in the continuum theory
means that the value of a physical quantity at one point is deter-
mined by another physical quantity at other points within a finite
distance. In the classical heat conduction continuum model, the
heat flux at one point is only determined by the temperature gra-
dient at the same point. This kind of model, i.e., the classical Four-
ier’s law, is referred to as a ‘local’ model. However, at the
microscale, the energy carriers (electrons or phonons) bring energy
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from one point to another within a finite distance, and exchange
energy more than once. The physical process suggests that the
temperature at one point is actually affected by the points within
a finite distance. This is the nonlocal effect or nonlocality in heat
conduction. The heat conduction model considering nonlocal effect
is referred to as a ‘nonlocal’ model, which may better describe the
microscale heat conduction mechanism. The validity of the ‘local’
model requires that the mean free path should be much smaller
than the characteristic length (such as the size of devices or the
length scale describing the temperature gradient), that is, the non-
local effect can be neglected. Otherwise, if the characteristic length
is comparable to, or less than, the mean free path of the carriers
[3,4,8–10], many researchers have pointed out that nonlocality
needs to be taken into account [11–17]. In addition to these factors,
nonlocality also arises in modeling the macroscopic properties of
heterogeneous media using the average field quantities such that
an integral formulation may give more accurate results [18].

Thus, the Fourier’s law and local models may become invalid
simultaneously in the above cases, but few studies have included
both effects. Chen [19,20] developed the Ballistic-Diffusive Equa-
tions (BDE), which is a non-Fourier and nonlocal heat transfer
model, from the Boltzmann equation under the relaxation time
approximation. Another model is constructed by Tzou and Guo
[21], wherein a nonlocal term is introduced into the DPL model.
The nonlocal effect of heat transfer is also studied with
fractional-order calculus [22]. However, all these theories are
based on partial differential equations and have high-order
gradients.

The peridynamic theory proposed by Silling [23,24] is a kind of
integral nonlocal theory, which is initially used in mechanics with
an attempt to solve discontinuous problems. Its governing equa-
tion employs an integral formulation with respect to displacement,
rather than spatial derivatives which are undefined at discontinu-
ities. In the peridynamic theory, a material point directly interacts
with other points within a region of a finite radius, through a
response function which includes all the material constitutive
information. The finite radius is called the horizon. As the horizon
approaches zero, the interaction becomes local, and the peridy-
namic theory reduces to the classical local theory. The peridynamic
integral formulation has advantages in dealing problems with dis-
continuities, such as damage, cracking, and fractures [25–29]. Due
to these advantages and the analogy of the mathematical formula-
tions of mechanics and conduction, the peridynamic theory has
been used to model heat conduction, and the heat conduction
equations in the peridynamic framework have been successfully
developed. For heat conduction within the peridynamic frame-
work, the spatial derivatives of temperature are replaced by the
integral formulation with respect to temperature through pre-
scribed thermal response function, similar to those in mechanics.
The details will be reviewed in Section 2. The peridynamic heat
conduction can simultaneously account for nonlocality, and allows
for the simulation of temperature field involving discontinuities.
Gerstle et al. [30] first studied electromigration in a one-
dimensional case using a peridynamic conduction model. Bobaru
and Duangpanya developed peridynamic heat conduction in more
details [31] and used it to solve a 2-D heat conduction problem
with evolving discontinuities [32]. These theories are based on
bond-based peridynamics. Oterkus et al. [33] proposed the formu-
lation of generalized sate-based peridynamic heat conduction. Its
validity is demonstrated with a series of problems including three
dimensional problems with discontinuities. In mathematics, Du
et al. [34,35] investigated nonlocal diffusion problems with volume
constraints, and proposed a convergent adaptive finite element
algorithm for nonlocal diffusion. Up to now, all the proposed peri-
dynamic heat conduction models are based on the Fourier’s law.

In this study, we present a peridynamic non-Fourier heat con-
duction model to consider the non-Fourier and nonlocal effects
simultaneously. The model is formulated in the framework of gen-
eralized state-based peridynamics. In Section 2, peridynamic ther-
mal diffusion is firstly reviewed. Then, the peridynamic non-
Fourier heat conduction equations are derived by introducing the
concept of phase lags. Furthermore, simplifications are made to
develop the bond-based peridynamic approach for heat conduction
from the generalized state-based theory. A numerical procedure is
described for solving the peridynamic non-Fourier heat conduction
equations along with the discretization and time stepping schemes
as well as the numerical stability criterion in Section 3. Section 4
gives some numerical simulations of the model, and comparisons
with other solutions and experimental data are presented to
demonstrate the applications and effectiveness of the model.

2. Theory

To develop the state-based peridynamic non-Fourier heat con-
duction model, the concept of phase-lag proposed by Tzou [7] is
introduced into the framework of peridynamic thermal diffusion.
The dual-phase-lag (DPL) model employs two phase-lags and is
represented by

qðx; t þ sqÞ ¼ �krTðx; t þ sTÞ; ð1Þ
where sq and sT are the phase lags of the heat flux vector and the
temperature gradient, respectively. For sq > sT , the temperature
gradient induces the heat flux, implying that the temperature gradi-
ent is the cause, whereas the heat flux is the effect. For the case of
sq < sT , on the other hand, the heat flux is the cause and the tem-
perature gradient is the effect. The two phase lags sq and sT are
intrinsic thermal properties of the bulk material. Sometimes the
phase lags depend on the detailed configurations of the substruc-
tures and become structural properties for solids with internal
structures such as composites. It is noteworthy that the DPL model
captures the thermal diffusion, thermal wave, phonon scattering
and phonon-electron interaction models. For example, if there is
only one phase lag sq, that is sT ¼ 0, the DPL model degenerates into
the wave model. If both the phase lags are zero, the DPL model
becomes the thermal diffusion model.

Now, two phase lags will be introduced into the framework of
peridynamics to establish the non-Fourier heat conduction model.
Here, the basic principles and concepts in the peridynamic thermal
diffusion theory of Oterkus et al. [33] are employed.

2.1. State-based peridynamic non-Fourier heat conduction

The generalized sate-based approach [24] is adapted in the
equations of peridynamic thermal diffusion. Each material point
is assumed to satisfy the energy balance with negligible change
in kinetic energy and mechanical work. The conservation of ther-
mal energy at any material point can be expressed as

_e ¼ �Q þ sb; ð2Þ
with

_e ¼ qcv _T ð3Þ
where _e represents the rate of stored or internal energy per unit vol-
ume in the reference configuration; sb is the rate of heat energy gen-
eration by the material point per unit volume; q is the mass
density; cv is the specific heat capacity; and _T represents the time
derivative of temperature. The heat flow �Q is the rate of heat energy
exchange of any material point x with other material points within
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